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Recap question:

Feb. 13, 2025
Which of the following statements are true when 
using Dorfman’s method? 
1. Sensitivity when using Dorfman’s method is 

greater than the sensitivity of the underlying 
test 

2. Sensitivity when using Dorfman’s method is 
less than the sensitivity of the underlying test 

3. Dorfman’s method always uses fewer tests 
than testing each person individually



The sensitivity and specificity of Dorfman’s method is

The sensitivity is always at most 1, so squaring it 
gives a number that is not larger, which means that 
option 2 is correct and option 1 is incorrect. 
Option 3 is also incorrect: if the prevalence is high 
enough, Dorfman’s method does more work. Recall 
the graph for the expected number of tests per 
person



4

Epidemiology - Part 2

Feb. 13, 2025
By the end of this lecture, you will be able to: 

1. Continue repeated testing 
2. Reason about desired properties of a 

mathematical model 
3. Reason about exponential growth 
4. Define the SI model and the basic 

reproduction number  
<latexit sha1_base64="jAbbZKBLqChkKEwaC+F0Sqlrea4=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RiXLJAMoadTkzTp6Rm6e4Qw5BO8eFDEq1/kzb+xk8xBow8KHu9VUVUvSATXxnW/nMLS8srqWnG9tLG5tb1T3t1r6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WDGSfoR3QgecgZNVa6v+u5vXLFrbozkL/Ey0kFctR75c9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TIKn0SxsqWNGSm/pzIaKT1OApsZ0TNUC96U/E/r5Oa8NLPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3z5L2meVL3z6tntaaV2lcdRhAM4hGPw4AJqcAN1aACDATzBC7w6wnl23pz3eWvByWf24Recj2/TeY2D</latexit>

R0



Repeated testing
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Recall what we did for a single test: Consider 
one COVID test with 84% sensitivity and 99% 
specificity. (I = infected), and assume 10% of the 
population is infected 

P(positive | I) = 0.84            True positive 
P(negative | I) = 0.16           False negative 
P(negative | nI) = 0.99         True negative 
P(positive | nI) = 0.01           False positive

We used Bayes’ rule to get the formula:

Repeated testing
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· · ·

8.4 infected

0.9

Example 1: 
P(test positive | I) = 0.84            True positive 
P(test negative | I) = 0.16           False negative 
P(test negative | nI) = 0.99         True negative 
P(test positive | nI) = 0.01           False positive

· · ·

10 infected

· · ·

90 not infected

1.6 0.9

· · ·

10 infected

· · ·

90 not infected



Repeated testing

After the first test, 

: sensitivity, : specificity, 
: prevalence, 

: population size

(+, I) (-, I) (-, nI) (+, nI)

Graphical illustration of the math:



<latexit sha1_base64="xx73kurdA7RrBrHcp6yzEEOJhZ4="></latexit>

P (I|+) =
pNSe

pNSe + qN(1� Sp)
=

pSe

pSe + q(1� Sp)

(+, I) (-, I) (-, nI) (+, nI)



(+, I) (-, I) (-, nI) (+, nI)

<latexit sha1_base64="xx73kurdA7RrBrHcp6yzEEOJhZ4="></latexit>

P (I|+) =
pNSe

pNSe + qN(1� Sp)
=

pSe

pSe + q(1� Sp)



When testing again we do the same math, but 
only look at the individuals who tested positive 
in the first test, so the probability to be infected 
is now

<latexit sha1_base64="KgnLPTquxWtldWRDCiGJw5b8uoA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQEcKu+DoGvegtgnlAsoTZyWwyZnZmmZkVwpp/8OJBEa/+jzf/xkmyB40WNBRV3XR3BTFn2rjul5NbWFxaXsmvFtbWNza3its7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDXxmw9UaSbFnRnF1I9wX7CQEWys1IjLN49Hh91iya24U6C/xMtICTLUusXPTk+SJKLCEI61bntubPwUK8MIp+NCJ9E0xmSI+7RtqcAR1X46vXaMDqzSQ6FUtoRBU/XnRIojrUdRYDsjbAZ63puI/3ntxIQXfspEnBgqyGxRmHBkJJq8jnpMUWL4yBJMFLO3IjLAChNjAyrYELz5l/+SxnHFO6uc3p6UqpdZHHnYg30ogwfnUIVrqEEdCNzDE7zAqyOdZ+fNeZ+15pxsZhd+wfn4BoFgjnE=</latexit>

p(I|+)
In other words, we replace:

<latexit sha1_base64="b7ZxdI1jimfVFDBT1wR0KMHny8M=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoNBYmPYFV+NELSxjGAekCxhdjJJhszObmbuKmFJ46/YWChi62fY+TdOki008cCFwzn3cu89fiS4Bsf5tjILi0vLK9nV3Nr6xuaWvb1T1WGsKKvQUISq7hPNBJesAhwEq0eKkcAXrOb3b8Z+7YEpzUN5D8OIeQHpSt7hlICRWvbeADcV7/aAKBU+4kEBX2H3OCq07LxTdCbA88RNSR6lKLfsr2Y7pHHAJFBBtG64TgReQhRwKtgo14w1iwjtky5rGCpJwLSXTB4Y4UOjtHEnVKYk4In6eyIhgdbDwDedAYGenvXG4n9eI4bOpZdwGcXAJJ0u6sQCQ4jHaeA2V4yCGBpCqOLmVkx7RBEKJrOcCcGdfXmeVE+K7nnx7O40X7pO48iifXSAjpCLLlAJ3aIyqiCKRugZvaI368l6sd6tj2lrxkpndtEfWJ8/YvCU+w==</latexit>

q ! q0 = 1� p0



<latexit sha1_base64="Efq3+YLxkprw6NU16qD9yDqZ2Q0=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPoKeyKr2PQiyeJYh6QhDA76U2GzM4uM7NCWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dfiy4Nq777eSWlldW1/LrhY3Nre2d4u5eXUeJYlhjkYhU06caBZdYM9wIbMYKaegLbPjDm4nfeEKleSQfzSjGTkj7kgecUWOlh7vjbrHklt0pyCLxMlKCDNVu8avdi1gSojRMUK1bnhubTkqV4UzguNBONMaUDWkfW5ZKGqLupNNLx+TIKj0SRMqWNGSq/p5Iaaj1KPRtZ0jNQM97E/E/r5WY4KqTchknBiWbLQoSQUxEJm+THlfIjBhZQpni9lbCBlRRZmw4BRuCN//yIqmflr2L8vn9WalyncWRhwM4hBPw4BIqcAtVqAGDAJ7hFd6cofPivDsfs9ack83swx84nz8KLo0N</latexit>

N 0

<latexit sha1_base64="3CzYcEMgYPaYpF2v6RKas//YVTY=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPEU9gVX8egF08SwTwgWcLsZDYZMjO7zMwKYckvePGgiFd/yJt/42yyB00saCiquunuCmLOtHHdb6ewsrq2vlHcLG1t7+zulfcPWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H49vMbz9RpVkkH80kpr7AQ8lCRrDJpLh6X+2XK27NnQEtEy8nFcjR6Je/eoOIJIJKQzjWuuu5sfFTrAwjnE5LvUTTGJMxHtKupRILqv10dusUnVhlgMJI2ZIGzdTfEykWWk9EYDsFNiO96GXif143MeG1nzIZJ4ZKMl8UJhyZCGWPowFTlBg+sQQTxeytiIywwsTYeEo2BG/x5WXSOqt5l7WLh/NK/SaPowhHcAyn4MEV1OEOGtAEAiN4hld4c4Tz4rw7H/PWgpPPHMIfOJ8/OoWNuA==</latexit>

p0N 0 <latexit sha1_base64="s8wwH27fuvp5daXE5ng6vdnqTyE=">AAAB63icbVDLSgNBEOz1GeMr6tHLYJB4Crvi6xj04kkimAckS5idzCZDZmbXmVkhLPkFLx4U8eoPefNvnE32oIkFDUVVN91dQcyZNq777Swtr6yurRc2iptb2zu7pb39po4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW09UaRbJBzOOqS/wQLKQEWwy6bFyV+mVym7VnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10eusEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMeGVnzIZJ4ZKMlsUJhyZCGWPoz5TlBg+tgQTxeytiAyxwsTYeIo2BG/+5UXSPK16F9Xz+7Ny7TqPowCHcAQn4MEl1OAW6tAAAkN4hld4c4Tz4rw7H7PWJSefOYA/cD5/ADwMjbk=</latexit>

q0N 0

<latexit sha1_base64="vDkhTmWXF+ZQ7CUIWuu+xuzcy4g=">AAAB7nicbVDJSgNBEK1xjXGLevQyGCSewoy4HYNePElEs0AyhJ5OTdKkp6fp7hHCkI/w4kERr36PN//GznLQxAcFj/eqqKoXSs608bxvZ2l5ZXVtPbeR39za3tkt7O3XdZIqijWa8EQ1Q6KRM4E1wwzHplRI4pBjIxzcjP3GEyrNEvFohhKDmPQEixglxkoNWborPXSwUyh6ZW8Cd5H4M1KEGaqdwle7m9A0RmEoJ1q3fE+aICPKMMpxlG+nGiWhA9LDlqWCxKiDbHLuyD22SteNEmVLGHei/p7ISKz1MA5tZ0xMX897Y/E/r5Wa6CrImJCpQUGni6KUuyZxx7+7XaaQGj60hFDF7K0u7RNFqLEJ5W0I/vzLi6R+WvYvyuf3Z8XK9SyOHBzCEZyAD5dQgVuoQg0oDOAZXuHNkc6L8+58TFuXnNnMAfyB8/kDVGyO7Q==</latexit>

p0N 0Se

<latexit sha1_base64="55l8pMgOInGYyHS3GokLdcgP2w4=">AAAB8nicbVDLSsNAFJ3UV62vqks3wSKtC0sivpZFN66kon1AGspketMOncyEmYlQQj/DjQtF3Po17vwbp20W2nrgwuGce7n3niBmVGnH+bZyS8srq2v59cLG5tb2TnF3r6lEIgk0iGBCtgOsgFEODU01g3YsAUcBg1YwvJn4rSeQigr+qEcx+BHucxpSgrWRvLh8V664Jw9dOO4WS07VmcJeJG5GSihDvVv86vQESSLgmjCslOc6sfZTLDUlDMaFTqIgxmSI++AZynEEyk+nJ4/tI6P07FBIU1zbU/X3RIojpUZRYDojrAdq3puI/3leosMrP6U8TjRwMlsUJszWwp78b/eoBKLZyBBMJDW32mSAJSbapFQwIbjzLy+S5mnVvaie35+VatdZHHl0gA5RBbnoEtXQLaqjBiJIoGf0it4sbb1Y79bHrDVnZTP76A+szx/5Y4/E</latexit>

p0N 0(1� Se)
<latexit sha1_base64="vWRE41dk/brRwgcDx6vcHnjkaKQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPEU9gVX8egF08S0TwgWcLsZDYZMjs7zswKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BZIzbVz328ktLa+sruXXCxubW9s7xd29ho4TRWidxDxWrQBrypmgdcMMpy2pKI4CTpvB8HriN5+o0iwWD2YkqR/hvmAhI9hYqflYvi3fd2W3WHIr7hRokXgZKUGGWrf41enFJImoMIRjrdueK42fYmUY4XRc6CSaSkyGuE/blgocUe2n03PH6MgqPRTGypYwaKr+nkhxpPUoCmxnhM1Az3sT8T+vnZjw0k+ZkImhgswWhQlHJkaT31GPKUoMH1mCiWL2VkQGWGFibEIFG4I3//IiaZxUvPPK2d1pqXqVxZGHAziEY/DgAqpwAzWoA4EhPMMrvDnSeXHenY9Za87JZvbhD5zPH2aijvk=</latexit>

q0N 0Sp

<latexit sha1_base64="pIUGno77xY0zJSSSJpGk3eEBhas=">AAAB8nicbVDLSsNAFJ3UV62vqks3g0VaF5ZEfC2LblxJRfuANJTJdNIOnWTizI1QQj/DjQtF3Po17vwbp20WWj1w4XDOvdx7jx8LrsG2v6zcwuLS8kp+tbC2vrG5VdzeaWqZKMoaVAqp2j7RTPCINYCDYO1YMRL6grX84dXEbz0ypbmM7mEUMy8k/YgHnBIwkvtQvilXnKO7bnzYLZbsqj0F/kucjJRQhnq3+NnpSZqELAIqiNauY8fgpUQBp4KNC51Es5jQIekz19CIhEx76fTkMT4wSg8HUpmKAE/VnxMpCbUehb7pDAkM9Lw3Ef/z3ASCCy/lUZwAi+hsUZAIDBJP/sc9rhgFMTKEUMXNrZgOiCIUTEoFE4Iz//Jf0jyuOmfV09uTUu0yiyOP9tA+qiAHnaMaukZ11EAUSfSEXtCrBdaz9Wa9z1pzVjazi37B+vgGC7eP0A==</latexit>

q0N 0(1� Sp)

(++, I) (+-, I) (+-, nI) (++, nI)

When testing again we do the same math, but 
only look at the individuals who tested positive 
in the first test, so the probability to be infected 
is now

<latexit sha1_base64="KgnLPTquxWtldWRDCiGJw5b8uoA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQEcKu+DoGvegtgnlAsoTZyWwyZnZmmZkVwpp/8OJBEa/+jzf/xkmyB40WNBRV3XR3BTFn2rjul5NbWFxaXsmvFtbWNza3its7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDXxmw9UaSbFnRnF1I9wX7CQEWys1IjLN49Hh91iya24U6C/xMtICTLUusXPTk+SJKLCEI61bntubPwUK8MIp+NCJ9E0xmSI+7RtqcAR1X46vXaMDqzSQ6FUtoRBU/XnRIojrUdRYDsjbAZ63puI/3ntxIQXfspEnBgqyGxRmHBkJJq8jnpMUWL4yBJMFLO3IjLAChNjAyrYELz5l/+SxnHFO6uc3p6UqpdZHHnYg30ogwfnUIVrqEEdCNzDE7zAqyOdZ+fNeZ+15pxsZhd+wfn4BoFgjnE=</latexit>

p(I|+)
In other words, we replace:

<latexit sha1_base64="b7ZxdI1jimfVFDBT1wR0KMHny8M=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoNBYmPYFV+NELSxjGAekCxhdjJJhszObmbuKmFJ46/YWChi62fY+TdOki008cCFwzn3cu89fiS4Bsf5tjILi0vLK9nV3Nr6xuaWvb1T1WGsKKvQUISq7hPNBJesAhwEq0eKkcAXrOb3b8Z+7YEpzUN5D8OIeQHpSt7hlICRWvbeADcV7/aAKBU+4kEBX2H3OCq07LxTdCbA88RNSR6lKLfsr2Y7pHHAJFBBtG64TgReQhRwKtgo14w1iwjtky5rGCpJwLSXTB4Y4UOjtHEnVKYk4In6eyIhgdbDwDedAYGenvXG4n9eI4bOpZdwGcXAJJ0u6sQCQ4jHaeA2V4yCGBpCqOLmVkx7RBEKJrOcCcGdfXmeVE+K7nnx7O40X7pO48iifXSAjpCLLlAJ3aIyqiCKRugZvaI368l6sd6tj2lrxkpndtEfWJ8/YvCU+w==</latexit>

q ! q0 = 1� p0



<latexit sha1_base64="Efq3+YLxkprw6NU16qD9yDqZ2Q0=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPoKeyKr2PQiyeJYh6QhDA76U2GzM4uM7NCWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dfiy4Nq777eSWlldW1/LrhY3Nre2d4u5eXUeJYlhjkYhU06caBZdYM9wIbMYKaegLbPjDm4nfeEKleSQfzSjGTkj7kgecUWOlh7vjbrHklt0pyCLxMlKCDNVu8avdi1gSojRMUK1bnhubTkqV4UzguNBONMaUDWkfW5ZKGqLupNNLx+TIKj0SRMqWNGSq/p5Iaaj1KPRtZ0jNQM97E/E/r5WY4KqTchknBiWbLQoSQUxEJm+THlfIjBhZQpni9lbCBlRRZmw4BRuCN//yIqmflr2L8vn9WalyncWRhwM4hBPw4BIqcAtVqAGDAJ7hFd6cofPivDsfs9ack83swx84nz8KLo0N</latexit>

N 0

<latexit sha1_base64="3CzYcEMgYPaYpF2v6RKas//YVTY=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPEU9gVX8egF08SwTwgWcLsZDYZMjO7zMwKYckvePGgiFd/yJt/42yyB00saCiquunuCmLOtHHdb6ewsrq2vlHcLG1t7+zulfcPWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H49vMbz9RpVkkH80kpr7AQ8lCRrDJpLh6X+2XK27NnQEtEy8nFcjR6Je/eoOIJIJKQzjWuuu5sfFTrAwjnE5LvUTTGJMxHtKupRILqv10dusUnVhlgMJI2ZIGzdTfEykWWk9EYDsFNiO96GXif143MeG1nzIZJ4ZKMl8UJhyZCGWPowFTlBg+sQQTxeytiIywwsTYeEo2BG/x5WXSOqt5l7WLh/NK/SaPowhHcAyn4MEV1OEOGtAEAiN4hld4c4Tz4rw7H/PWgpPPHMIfOJ8/OoWNuA==</latexit>

p0N 0 <latexit sha1_base64="s8wwH27fuvp5daXE5ng6vdnqTyE=">AAAB63icbVDLSgNBEOz1GeMr6tHLYJB4Crvi6xj04kkimAckS5idzCZDZmbXmVkhLPkFLx4U8eoPefNvnE32oIkFDUVVN91dQcyZNq777Swtr6yurRc2iptb2zu7pb39po4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW09UaRbJBzOOqS/wQLKQEWwy6bFyV+mVym7VnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10eusEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMeGVnzIZJ4ZKMlsUJhyZCGWPoz5TlBg+tgQTxeytiAyxwsTYeIo2BG/+5UXSPK16F9Xz+7Ny7TqPowCHcAQn4MEl1OAW6tAAAkN4hld4c4Tz4rw7H7PWJSefOYA/cD5/ADwMjbk=</latexit>

q0N 0

<latexit sha1_base64="vDkhTmWXF+ZQ7CUIWuu+xuzcy4g=">AAAB7nicbVDJSgNBEK1xjXGLevQyGCSewoy4HYNePElEs0AyhJ5OTdKkp6fp7hHCkI/w4kERr36PN//GznLQxAcFj/eqqKoXSs608bxvZ2l5ZXVtPbeR39za3tkt7O3XdZIqijWa8EQ1Q6KRM4E1wwzHplRI4pBjIxzcjP3GEyrNEvFohhKDmPQEixglxkoNWborPXSwUyh6ZW8Cd5H4M1KEGaqdwle7m9A0RmEoJ1q3fE+aICPKMMpxlG+nGiWhA9LDlqWCxKiDbHLuyD22SteNEmVLGHei/p7ISKz1MA5tZ0xMX897Y/E/r5Wa6CrImJCpQUGni6KUuyZxx7+7XaaQGj60hFDF7K0u7RNFqLEJ5W0I/vzLi6R+WvYvyuf3Z8XK9SyOHBzCEZyAD5dQgVuoQg0oDOAZXuHNkc6L8+58TFuXnNnMAfyB8/kDVGyO7Q==</latexit>

p0N 0Se

<latexit sha1_base64="55l8pMgOInGYyHS3GokLdcgP2w4=">AAAB8nicbVDLSsNAFJ3UV62vqks3wSKtC0sivpZFN66kon1AGspketMOncyEmYlQQj/DjQtF3Po17vwbp20W2nrgwuGce7n3niBmVGnH+bZyS8srq2v59cLG5tb2TnF3r6lEIgk0iGBCtgOsgFEODU01g3YsAUcBg1YwvJn4rSeQigr+qEcx+BHucxpSgrWRvLh8V664Jw9dOO4WS07VmcJeJG5GSihDvVv86vQESSLgmjCslOc6sfZTLDUlDMaFTqIgxmSI++AZynEEyk+nJ4/tI6P07FBIU1zbU/X3RIojpUZRYDojrAdq3puI/3leosMrP6U8TjRwMlsUJszWwp78b/eoBKLZyBBMJDW32mSAJSbapFQwIbjzLy+S5mnVvaie35+VatdZHHl0gA5RBbnoEtXQLaqjBiJIoGf0it4sbb1Y79bHrDVnZTP76A+szx/5Y4/E</latexit>

p0N 0(1� Se)
<latexit sha1_base64="vWRE41dk/brRwgcDx6vcHnjkaKQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPEU9gVX8egF08S0TwgWcLsZDYZMjs7zswKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BZIzbVz328ktLa+sruXXCxubW9s7xd29ho4TRWidxDxWrQBrypmgdcMMpy2pKI4CTpvB8HriN5+o0iwWD2YkqR/hvmAhI9hYqflYvi3fd2W3WHIr7hRokXgZKUGGWrf41enFJImoMIRjrdueK42fYmUY4XRc6CSaSkyGuE/blgocUe2n03PH6MgqPRTGypYwaKr+nkhxpPUoCmxnhM1Az3sT8T+vnZjw0k+ZkImhgswWhQlHJkaT31GPKUoMH1mCiWL2VkQGWGFibEIFG4I3//IiaZxUvPPK2d1pqXqVxZGHAziEY/DgAqpwAzWoA4EhPMMrvDnSeXHenY9Za87JZvbhD5zPH2aijvk=</latexit>

q0N 0Sp

<latexit sha1_base64="pIUGno77xY0zJSSSJpGk3eEBhas=">AAAB8nicbVDLSsNAFJ3UV62vqks3g0VaF5ZEfC2LblxJRfuANJTJdNIOnWTizI1QQj/DjQtF3Po17vwbp20WWj1w4XDOvdx7jx8LrsG2v6zcwuLS8kp+tbC2vrG5VdzeaWqZKMoaVAqp2j7RTPCINYCDYO1YMRL6grX84dXEbz0ypbmM7mEUMy8k/YgHnBIwkvtQvilXnKO7bnzYLZbsqj0F/kucjJRQhnq3+NnpSZqELAIqiNauY8fgpUQBp4KNC51Es5jQIekz19CIhEx76fTkMT4wSg8HUpmKAE/VnxMpCbUehb7pDAkM9Lw3Ef/z3ASCCy/lUZwAi+hsUZAIDBJP/sc9rhgFMTKEUMXNrZgOiCIUTEoFE4Iz//Jf0jyuOmfV09uTUu0yiyOP9tA+qiAHnaMaukZ11EAUSfSEXtCrBdaz9Wa9z1pzVjazi37B+vgGC7eP0A==</latexit>

q0N 0(1� Sp)

(++, I) (+-, I) (+-, nI) (++, nI)

<latexit sha1_base64="81SCxRU6TV47ju0gF1rfnQkhvJE="></latexit>

P (I|++) =
p0N 0Se

p0N 0Se + q0N 0(1� Sp)
=

p0Se

p0Se + q0(1� Sp)

=
pS2

e

pS2
e + q(1� Sp)2

⇡ 0.94



If we perform a third test, we test the samples 
whose first two test results are positive, and the 
same calculations give



Estimating prevalence

(+, I) (-, I) (-, nI) (+, nI)

1000
150 850

135 15 808 42



If we neglect the number of false positives, the number of 
positives after  tests should be approximately      times the 
number of positive cases in the population, which can be  
used to estimate the total number of positives.

<latexit sha1_base64="d/RhcRSMbEv4ivpbAndL8To6sfA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVR71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH1cWM+Q==</latexit>

k
<latexit sha1_base64="qx6cGGDDZTxspW42LeAdXip3jxI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8eKpi20sWy2k3bpZhN2N0Ip/Q1ePCji1R/kzX/jts1Bqw8GHu/NMDMvTAXXxnW/nMLS8srqWnG9tLG5tb1T3t1r6CRTDH2WiES1QqpRcIm+4UZgK1VI41BgMxxeT/3mIyrNE3lvRikGMe1LHnFGjZX8uy4+DLvlilt1ZyB/iZeTCuSod8ufnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTshR1bpkShRtqQhM/XnxJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6OelxhcyIkSWUKW5vJWxAFWXG5lOyIXiLL/8ljZOqd149uz2t1K7yOIpwAIdwDB5cQA1uoA4+MODwBC/w6kjn2Xlz3uetBSef2YdfcD6+AaJzjpY=</latexit>

Sk
e
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Everything should be made as simple as possible, but 
not simpler. 

- Albert Einstein

What should a model do?
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Provide a simplified explanation of complicated 
phenomena, that is still useful to predict the real 
world 

What should a model do?

Examples:
1. Newton’s laws accurately predict many 

everyday phenomena, but has some limitations 
where theory of relativity or quantum 
mechanics have to be used 

2. Climate models to study climate change 
3. Economic models to study consumer behavior
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Models can change when phenomena are better 
understood, or new phenomena appear that 
cannot be explained with the old models

What should a model do?

Example:
It took more than 200 years after Newton’s laws 
were formulated for the theory of relativity to 
appear

Model Reality

Predict

Update
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What kinds of predictions do we want to obtain 
from a model about epidemics?

What should a model do?
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What kinds of predictions do we want to obtain 
from a model about epidemics?

What should a model do?

1. Find out how many people are currently 
infected 

2. Predict how this number will change in the long 
run: will everyone be infected at some point or 
will the disease die out? 

3. Predict how different interventions change the 
rate of spread (vaccination, mask mandates, 
…) 

4. …
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1. People move around in a city/country/continent 
2. At the start, there is one infected person 
3. Every time an infected person meets someone, 

the new person becomes infected with 
probability 

Simplest model for epidemics

<latexit sha1_base64="EKyDMDivAzzhvNxUw26QI8xg23o=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVk16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD3VmM/g==</latexit>p
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Simplest model for epidemics

https://images.math.cnrs.fr/Modelisation-d-une-epidemie-partie-1.html?lang=fr

Red = infected 
Gray = not infected
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Simplest model for epidemics

https://images.math.cnrs.fr/Modelisation-d-une-epidemie-partie-1.html?lang=fr

Red = infected 
Gray = not infected 
Green = recovered 
           and immune
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Goal for the rest of today: derive expressions for 
the number of infected as time goes on.

Turns out to be related to exponential growth.



Exponential growth

: exponential growth function
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For large enough , exponential 
growth becomes larger than the 
other functions plotted

<latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x



Example 1: 
Suppose that the initial balance of your savings 
account is $1,000. The savings account has a 
yearly compound interest rate of 1%. Without 
any new deposit, what is the balance of the 
account after 20 years?



Example 2: 
Suppose that the initial balance of your savings 
account is $1,000. The savings account has a 
yearly compound interest rate of 1%. Without 
any new deposit, when will the balance reach 
$2,000?

<latexit sha1_base64="JTQka14fK7KlYe4STp+3haoYNVw=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEiwREkFLQxIFSyMRaIPqYkqx3Vaq04c2Q5qFeUbWPgVFgYQYmVi429w2wzQcqSre3TOvbLv8WNGpbLtb2NpeWV1bb2wUdzc2t7ZNff2m5InApMG5oyLto8kYTQiDUUVI+1YEBT6jLT84c3Ebz0QISmP7tU4Jl6I+hENKEZKS13zdASvoBsIhFOX8T4sZ7PuWLaTQRfFseAjWLm0ql2zZFv2FHCRODkpgRz1rvnl9jhOQhIpzJCUHceOlZcioShmJCu6iSQxwkPUJx1NIxQS6aXTkzJ4rJUeDLjQFSk4VX9vpCiUchz6ejJEaiDnvYn4n9dJVHDhpTSKE0UiPHsoSBhUHE7ygT0qCFZsrAnCguq/QjxAOh+lUyzqEJz5kxdJs2w5Fev87qxUu87jKIBDcAROgAOqoAZuQR00AAaP4Bm8gjfjyXgx3o2P2eiSke8cgD8wPn8AwmibpA==</latexit>

x =
log 2

log 1.01
⇡ 69.7



Example 3: 
There is an infectious disease, for which each 
infected person spreads the disease to exactly 
one healthy person every day. Suppose that there 
is only one infected patient on day 0 and the 
patients will not recover once they are infected. 
How many people will be infected after 32 days? 



SI model

The  SI model  is the simplest form of all disease 
models. Individuals are born into the simulation with no 
immunity (susceptible). Once infected and with no 
treatment, individuals stay infected and infectious 
throughout their life, and remain in contact with the 
susceptible population.



SI model

Each time an infected person meets a susceptible, 
there is a chance for the disease to spread to the non-
infected. The rate of transmission (  ) is defined as the 
average number of infection-producing contacts per 
unit time. 



SI model

Each time an infected person meets a susceptible, 
there is a chance for the disease to spread to the non-
infected. The rate of transmission (  ) is defined as the 
average number of infection-producing contacts per 
unit time. 

If there are  people in total,  infected and  
susceptible, each susceptible has   infection-
producing contacts per unit time. In total, there are 
therefore             infections per unit time. 

<latexit sha1_base64="Myr3Kcmiy/fK9XQuulchFknRygM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiydJwDwgWcLspJOMmZ1dZmaFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGt1O/+YRK80g+mHGMfkgHkvc5o8ZKtftuseSW3RnIMvEyUoIM1W7xq9OLWBKiNExQrdueGxs/pcpwJnBS6CQaY8pGdIBtSyUNUfvp7NAJObFKj/QjZUsaMlN/T6Q01HocBrYzpGaoF72p+J/XTkz/2k+5jBODks0X9RNBTESmX5MeV8iMGFtCmeL2VsKGVFFmbDYFG4K3+PIyaZyVvcvyRe28VLnJ4sjDERzDKXhwBRW4gyrUgQHCM7zCm/PovDjvzse8NedkM4fwB87nD6nRjNw=</latexit>

N
<latexit sha1_base64="NB3UBhddkD0vX6Dq0T3JyQ7ymN4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi94SMA9IljA76SRjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7dRvPqHSPJIPZhyjH9KB5H3OqLFS7b5bLLlldwayTLyMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwUOonGmLIRHWDbUklD1H46O3RCTqzSI/1I2ZKGzNTfEykNtR6Hge0MqRnqRW8q/ue1E9O/9lMu48SgZPNF/UQQE5Hp16THFTIjxpZQpri9lbAhVZQZm03BhuAtvrxMGmdl77J8UTsvVW6yOPJwBMdwCh5cQQXuoAp1YIDwDK/w5jw6L8678zFvzTnZzCH8gfP5A6I9jNc=</latexit>

I
<latexit sha1_base64="QggXLqIOGFhmhRt74YfvYVEqDbA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0eI8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALFljOE=</latexit>

S
<latexit sha1_base64="SZWoxAo6CRWnxDoyxo9qoF1YMS8=">AAAB8HicbVDJSgNBEO2JW4xb1KOXxiB4ijPidgx60YtEMIskQ+jp1CRNenqG7hohDPkKLx4U8ernePNv7CwHjT4oeLxXRVW9IJHCoOt+ObmFxaXllfxqYW19Y3OruL1TN3GqOdR4LGPdDJgBKRTUUKCEZqKBRYGERjC4GvuNR9BGxOoehwn4EespEQrO0EoP7QCQ0Zuj206x5JbdCehf4s1IicxQ7RQ/292YpxEo5JIZ0/LcBP2MaRRcwqjQTg0kjA9YD1qWKhaB8bPJwSN6YJUuDWNtSyGdqD8nMhYZM4wC2xkx7Jt5byz+57VSDC/8TKgkRVB8uihMJcWYjr+nXaGBoxxawrgW9lbK+0wzjjajgg3Bm3/5L6kfl72z8undSalyOYsjT/bIPjkkHjknFXJNqqRGOInIE3khr452np03533amnNmM7vkF5yPb8CJj7w=</latexit>

�I/N

<latexit sha1_base64="FDn8/RMU2uRz55lgFZJOLJeJtZc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKe6Kr2PQi14konlgEsLspDcZMju7zMwKIeQvvHhQxKt/482/cZLsQRMLGoqqbrq7/FhwbVz328ksLC4tr2RXc2vrG5tb+e2dqo4SxbDCIhGpuk81Ci6xYrgRWI8V0tAXWPP7V2O/9oRK80g+mEGMrZB2JQ84o8ZKj00fDSU390e37XzBLboTkHnipaQAKcrt/FezE7EkRGmYoFo3PDc2rSFVhjOBo1wz0RhT1qddbFgqaYi6NZxcPCIHVumQIFK2pCET9ffEkIZaD0LfdobU9PSsNxb/8xqJCS5aQy7jxKBk00VBIoiJyPh90uEKmREDSyhT3N5KWI8qyowNKWdD8GZfnifV46J3Vjy9OymULtM4srAH+3AIHpxDCa6hDBVgIOEZXuHN0c6L8+58TFszTjqzC3/gfP4AZl+QGQ==</latexit>

�IS/N



susceptible infected
Susceptible 
on day  

<latexit sha1_base64="KkfLFNg7AsUaMJOLJnf87uKgT+s=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBAEIeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqjhUiheR4GStxLNaRRI3gyGtxO/+cS1EbF6xFHC/Yj2lQgFo2ilBzz1uqWyW3GnIIvEy0kZctS6pa9OL2ZpxBUySY1pe26CfkY1Cib5uNhJDU8oG9I+b1uqaMSNn01PHZNjq/RIGGtbCslU/T2R0ciYURTYzojiwMx7E/E/r51ieO1nQiUpcsVmi8JUEozJ5G/SE5ozlCNLKNPC3krYgGrK0KZTtCF48y8vksZZxbusXNyfl6s3eRwFOIQjOAEPrqAKd1CDOjDowzO8wpsjnRfn3fmYtS45+cwB/IHz+QO5xY1y</latexit>

t+ 1

Susceptible 
on day  <latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

Newly infected



susceptible infected

Infected 
on day  

<latexit sha1_base64="KkfLFNg7AsUaMJOLJnf87uKgT+s=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBAEIeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqjhUiheR4GStxLNaRRI3gyGtxO/+cS1EbF6xFHC/Yj2lQgFo2ilBzz1uqWyW3GnIIvEy0kZctS6pa9OL2ZpxBUySY1pe26CfkY1Cib5uNhJDU8oG9I+b1uqaMSNn01PHZNjq/RIGGtbCslU/T2R0ciYURTYzojiwMx7E/E/r51ieO1nQiUpcsVmi8JUEozJ5G/SE5ozlCNLKNPC3krYgGrK0KZTtCF48y8vksZZxbusXNyfl6s3eRwFOIQjOAEPrqAKd1CDOjDowzO8wpsjnRfn3fmYtS45+cwB/IHz+QO5xY1y</latexit>

t+ 1
Infected 
on day  <latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

Newly infected



susceptible infected

To compute     , plug in              and update 
according to the second formula

<latexit sha1_base64="XI1uTDybDlUcbOSUY5QPVychc1Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi94imgckS5idzCZDZmeXmV4hLPkELx4U8eoXefNvnCR70GhBQ1HVTXdXkEhh0HW/nMLS8srqWnG9tLG5tb1T3t1rmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9ci1EbF6wHHC/YgOlAgFo2il+9se9soVt+rOQP4SLycVyFHvlT+7/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUKOrNInYaxtKSQz9edERiNjxlFgOyOKQ7PoTcX/vE6K4aWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb78lzRPqt559ezutFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d6Tw7b877vLXg5DP78AvOxzcs4o2+</latexit>

It
<latexit sha1_base64="gywj8mvwQXJb2wo8LYXzTjhczZI=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8SNgVX8egF71FNA9IlmV2MpsMmZldZ2aFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7woQzbVz321lYXFpeWS2sFdc3Nre2Szu7DR2nitA6iXmsWiHWlDNJ64YZTluJoliEnDbDwfXYbz5RpVksH8wwob7APckiRrCxUus2cI/RfeAGpbJbcSdA88TLSRly1ILSV6cbk1RQaQjHWrc9NzF+hpVhhNNRsZNqmmAywD3atlRiQbWfTe4doUOrdFEUK1vSoIn6eyLDQuuhCG2nwKavZ72x+J/XTk106WdMJqmhkkwXRSlHJkbj51GXKUoMH1qCiWL2VkT6WGFibERFG4I3+/I8aZxUvPPK2d1puXqVx1GAfTiAI/DgAqpwAzWoAwEOz/AKb86j8+K8Ox/T1gUnn9mDP3A+fwBOkY7a</latexit>

I0, S0



Example: In a closed environment with population 
size N = 1,000, the transmission rate   is 0.1 per day, 
and there is only one infected person on day 1.
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Exponential growth at first, with rate 

Example: In a closed environment with population 
size N = 1,000, the transmission rate   is 0.1 per day, 
and there is only one infected person on day 1.



0 25 50 75 100 125 150 175 200
0

200

400

600

800

1000
Susceptible
Infected

Growth slows down 
when fewer susceptible 
people are left

Example: In a closed environment with population 
size N = 1,000, the transmission rate   is 0.1 per day, 
and there is only one infected person on day 1.

Exponential growth at first, with rate 
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Example: In a closed environment with population 
size N = 1,000, the transmission rate   is 0.1 per day, 
and there is only one infected person on day 1.



Critique of the SI model



1. Does not allow people to recover, become 
immune or pass away 

2. Does not take into account how people move 
(e.g. grocery stores and offices are hubs of 
people) 

3. …

Critique of the SI model



Models with recovery

For other diseases, people recover and do not stay 
infected forever. This model is appropriate for 
diseases that commonly have repeated infections, 
for example, the common cold. 

Rate of transmission (  ): the average number of 
infection-producing contacts per unit time

Rate of recovery (  ): the inverse of the average 
duration of infection



SIS model
In the SIS model, the infected individuals can return 
to the susceptible state after infection. This model 
is appropriate for diseases that commonly have 
repeated infections, for example, the common cold. 

susceptible infected



The rate for the exponential growth now 
becomes proportional to

Basic reproduction number (    )

Rate of recovery (   ): the inverse of the duration 
of infection

: the disease will spread

: the disease will die out
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