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Recap question:

Feb. 18, 2025

In the SI model, assume that there is one infected 
person on day 1, i.e.,            in a population of 100, 
and             . 

How many people are infected on day 3, 
i.e., what is     ? 

<latexit sha1_base64="4ulyI0Ytmq+fIoRfd+taSatIA3A=">AAAB8nicbVDLSsNAFJ3UV62vqks3g0VwFRLxtRGKblxWsA9IQ5lMJ+3QyUyYuRFK6Ge4caGIW7/GnX/jtM1CWw9cOJxzL/feE6WCG/C8b6e0srq2vlHerGxt7+zuVfcPWkZlmrImVULpTkQME1yyJnAQrJNqRpJIsHY0upv67SemDVfyEcYpCxMykDzmlICVgm7EgOAb7Ll+r1rzXG8GvEz8gtRQgUav+tXtK5olTAIVxJjA91IIc6KBU8EmlW5mWEroiAxYYKkkCTNhPjt5gk+s0sex0rYk4Jn6eyIniTHjJLKdCYGhWfSm4n9ekEF8HeZcphkwSeeL4kxgUHj6P+5zzSiIsSWEam5vxXRINKFgU6rYEPzFl5dJ68z1L92Lh/Na/baIo4yO0DE6RT66QnV0jxqoiShS6Bm9ojcHnBfn3fmYt5acYuYQ/YHz+QNJa4/2</latexit>

� = 0.1

<latexit sha1_base64="yRJ2mzLLjqPgOvh7bOegXGT0pcc=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdRGCXvQWwTwgWcLspDcZMju7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYng2rjut7O0vLK6tl7YKG5ube/slvb2GzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3k785hMqzWP5aEYJ+hHtSx5yRo2Vmvddj1wTr1squxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9d0yOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCa/8jMskNSjZbFGYCmJiMvmd9LhCZsTIEsoUt7cSNqCKMmMTKtoQvPmXF0njtOJdVM4fzsrVmzyOAhzCEZyAB5dQhTuoQR0YDOEZXuHNSZwX5935mLUuOfnMAfyB8/kDZyeOUQ==</latexit>

I1 = 1

<latexit sha1_base64="EC1Cj4TN3NruEyUDu4wlQT5DPAo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga96C2ieUCyhNlJJxkyO7vMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHcFseDauO63k1taXlldy68XNja3tneKu3t1HSWKYY1FIlLNgGoUXGLNcCOwGSukYSCwEQxvJn7jCZXmkXw0oxj9kPYl73FGjZUe7jqnnWLJLbtTkEXiZaQEGaqd4le7G7EkRGmYoFq3PDc2fkqV4UzguNBONMaUDWkfW5ZKGqL20+mpY3JklS7pRcqWNGSq/p5Iaaj1KAxsZ0jNQM97E/E/r5WY3pWfchknBiWbLeolgpiITP4mXa6QGTGyhDLF7a2EDaiizNh0CjYEb/7lRVI/KXsX5fP7s1LlOosjDwdwCMfgwSVU4BaqUAMGfXiGV3hzhPPivDsfs9ack83swx84nz/KT419</latexit>

I3



3

The SI model is defined by the equations

Using the last one with             gives<latexit sha1_base64="yRJ2mzLLjqPgOvh7bOegXGT0pcc=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdRGCXvQWwTwgWcLspDcZMju7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYng2rjut7O0vLK6tl7YKG5ube/slvb2GzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3k785hMqzWP5aEYJ+hHtSx5yRo2Vmvddj1wTr1squxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9d0yOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCa/8jMskNSjZbFGYCmJiMvmd9LhCZsTIEsoUt7cSNqCKMmMTKtoQvPmXF0njtOJdVM4fzsrVmzyOAhzCEZyAB5dQhTuoQR0YDOEZXuHNSZwX5935mLUuOfnMAfyB8/kDZyeOUQ==</latexit>

I1 = 1
<latexit sha1_base64="uYXctuZ/Cq1de3M29r28h7k//zc="></latexit>

I2 = I1 + �I1(1�
I1
N

) = 1 + 0.1⇥ 1⇥ (1� 1

100
) ⇡ 1.099

Plugging this value into the same equation gives
<latexit sha1_base64="inWaMgzfPTCjRE2MRJYpaurHKq4="></latexit>

I3 = I2 + �I2(1�
I2
N

) = 1.099 + 0.1⇥ 1.099⇥ (1� 1.099

100
) ⇡ 1.2077

Fractional value are okay: the model is an approximation 
which deals with average contacts between people



4

Epidemiology - Part 3

Feb. 18, 2025

By the end of this lecture, you will be able to: 

1. Define the SIS and SIR models 
2. Compute equilibrium values of the SIS 

model 
3. Compute herd immunity thresholds for the 

SIR model



SIS model
In the SIS model, the infected individuals can return 
to the susceptible state after infection. This model 
is appropriate for diseases that commonly have 
repeated infections, for example, the common cold. 

susceptible infected



The rate for the exponential growth now 
becomes proportional to

Basic reproduction number (    )

Rate of recovery (   ): the inverse of the duration 
of infection

: the disease will spread

: the disease will die out
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SIS model
In the SIS model, the infected individuals can return 
to the susceptible state after infection. This model 
is appropriate for diseases that commonly have 
repeated infections, for example, the common cold. 

susceptible infected



SIS model

Rate of transmission (  ): the average number of 
infection-producing contacts per unit time

Rate of recovery ( ): one over  the average 
duration of infection

Basic reproduction number (     ):

susceptible infected



The rate for the exponential growth now 
becomes proportional to

Basic reproduction number (    )

Rate of recovery (   ): the inverse of the duration 
of infection

: the disease will spread

: the disease will die out
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susceptible infected

Newly infected

Newly recovered

Susceptible 
on day  

<latexit sha1_base64="KkfLFNg7AsUaMJOLJnf87uKgT+s=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBAEIeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqjhUiheR4GStxLNaRRI3gyGtxO/+cS1EbF6xFHC/Yj2lQgFo2ilBzz1uqWyW3GnIIvEy0kZctS6pa9OL2ZpxBUySY1pe26CfkY1Cib5uNhJDU8oG9I+b1uqaMSNn01PHZNjq/RIGGtbCslU/T2R0ciYURTYzojiwMx7E/E/r51ieO1nQiUpcsVmi8JUEozJ5G/SE5ozlCNLKNPC3krYgGrK0KZTtCF48y8vksZZxbusXNyfl6s3eRwFOIQjOAEPrqAKd1CDOjDowzO8wpsjnRfn3fmYtS45+cwB/IHz+QO5xY1y</latexit>

t+ 1

Susceptible 
on day  <latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t



Newly infected

Newly recovered

susceptible infected



Newly infected

Newly recovered

To simulate, start with a value for     . Plug 
this in to get a value for     . Plug this in to 
get a value for    . Continue for as long as 
you’d like.

<latexit sha1_base64="qeFBbY1EYxch/zOFkFr77zQ9xIg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi94imgckS5id9CZDZmeXmVkhLPkELx4U8eoXefNvnCR70GhBQ1HVTXdXkAiujet+OYWl5ZXVteJ6aWNza3unvLvX1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoeuq3HlFpHssHM07Qj+hA8pAzaqx0f9vzeuWKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrn1bO700rtKo+jCAdwCMfgwQXU4Abq0AAGA3iCF3h1hPPsvDnv89aCk8/swy84H9/HR417</latexit>

I1
<latexit sha1_base64="V2SNbP7ytnmIbDv8SJt8F/8Nca8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8egF71FNA9IljA76SRDZmeXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPRzdRvPqHSPJKPZhyjH9KB5H3OqLHSw1230i2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNStm7KJ/fn5Wq11kceTiCYzgFDy6hCrdQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwByMuNfA==</latexit>

I2
<latexit sha1_base64="EC1Cj4TN3NruEyUDu4wlQT5DPAo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga96C2ieUCyhNlJJxkyO7vMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHcFseDauO63k1taXlldy68XNja3tneKu3t1HSWKYY1FIlLNgGoUXGLNcCOwGSukYSCwEQxvJn7jCZXmkXw0oxj9kPYl73FGjZUe7jqnnWLJLbtTkEXiZaQEGaqd4le7G7EkRGmYoFq3PDc2fkqV4UzguNBONMaUDWkfW5ZKGqL20+mpY3JklS7pRcqWNGSq/p5Iaaj1KAxsZ0jNQM97E/E/r5WY3pWfchknBiWbLeolgpiITP4mXa6QGTGyhDLF7a2EDaiizNh0CjYEb/7lRVI/KXsX5fP7s1LlOosjDwdwCMfgwSVU4BaqUAMGfXiGV3hzhPPivDsfs9ack83swx84nz/KT419</latexit>

I3
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Example 1: In a closed environment with population 
size N = 1,000. Suppose that there is only one 
infection on day 1, where the transmission rate   is 
0.1 per day, and the duration of infection is 20 days.    

<latexit sha1_base64="RbJZiWORj+47OPpzVkZBD1ofKgM=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRPJWk+HURil48VrCt0ISy2W7apbtJ2N0IJQT8K148KOLV3+HNf+O2zUFbHww83pthZl6QcKa043xbpaXlldW18nplY3Nre8fe3WurOJWEtkjMY/kQYEU5i2hLM83pQyIpFgGnnWB0M/E7j1QqFkf3epxQX+BBxEJGsDZSzz7wBlgIjK6QF0pMMjfP6k7es6tOzZkCLRK3IFUo0OzZX14/JqmgkSYcK9V1nUT7GZaaEU7zipcqmmAywgPaNTTCgio/m56fo2Oj9FEYS1ORRlP190SGhVJjEZhOgfVQzXsT8T+vm+rw0s9YlKSaRmS2KEw50jGaZIH6TFKi+dgQTCQztyIyxCYGbRKrmBDc+ZcXSbtec89rZ3en1cZ1EUcZDuEITsCFC2jALTShBQQyeIZXeLOerBfr3fqYtZasYmYf/sD6/AH5PZTe</latexit>

� =
1

20
<latexit sha1_base64="JGOwbQ4MTD1emeXBCESeOxh4WQ8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxinlAsoTZyWwyZnZmmZkVwpJ/8OJBEa/+jzf/xtlkD5pY0FBUddPdFcScaeO6305haXllda24XtrY3NreKe/uNbVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0U3mt56o0kyKBzOOqR/hgWAhI9hYqXnfc9EV6pUrbtWdAi0SLycVyFHvlb+6fUmSiApDONa647mx8VOsDCOcTkrdRNMYkxEe0I6lAkdU++n02gk6skofhVLZEgZN1d8TKY60HkeB7YywGep5LxP/8zqJCS/9lIk4MVSQ2aIw4chIlL2O+kxRYvjYEkwUs7ciMsQKE2MDKtkQvPmXF0nzpOqdV8/uTiu16zyOIhzAIRyDBxdQg1uoQwMIPMIzvMKbI50X5935mLUWnHxmH/7A+fwBAumOHg==</latexit>

R0 =
<latexit sha1_base64="8hIlakCoc1kF3lceee+IH5jBou8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvXiMaB6QLGF2MpsMmZ1dZnqFsOQTvHhQxKtf5M2/cZLsQaMFDUVVN91dQSKFQdf9cgpLyyura8X10sbm1vZOeXevaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqAccJ9yM6UCIUjKKV7q+I1ytX3Ko7A/lLvJxUIEe9V/7s9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5skqfhLG2pZDM1J8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyX9I8qXrn1bO700rtOo+jCAdwCMfgwQXU4Bbq0AAGA3iCF3h1pPPsvDnv89aCk8/swy84H99Wyo0x</latexit>

> 1
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Example 1: In a closed environment with population 
size N = 1,000. Suppose that there is only one 
infection on day 1, where the transmission rate   is 
0.1 per day, and the duration of infection is 20 days.    

<latexit sha1_base64="RbJZiWORj+47OPpzVkZBD1ofKgM=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRPJWk+HURil48VrCt0ISy2W7apbtJ2N0IJQT8K148KOLV3+HNf+O2zUFbHww83pthZl6QcKa043xbpaXlldW18nplY3Nre8fe3WurOJWEtkjMY/kQYEU5i2hLM83pQyIpFgGnnWB0M/E7j1QqFkf3epxQX+BBxEJGsDZSzz7wBlgIjK6QF0pMMjfP6k7es6tOzZkCLRK3IFUo0OzZX14/JqmgkSYcK9V1nUT7GZaaEU7zipcqmmAywgPaNTTCgio/m56fo2Oj9FEYS1ORRlP190SGhVJjEZhOgfVQzXsT8T+vm+rw0s9YlKSaRmS2KEw50jGaZIH6TFKi+dgQTCQztyIyxCYGbRKrmBDc+ZcXSbtec89rZ3en1cZ1EUcZDuEITsCFC2jALTShBQQyeIZXeLOerBfr3fqYtZasYmYf/sD6/AH5PZTe</latexit>

� =
1

20

Exponential growth with rate 
<latexit sha1_base64="5As/sCATbF+uyl3NfsODSKgurlg=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgxbArvo5BLx4jmAdk19A7mU2GzMwuM7NKWPIfXjwo4tV/8ebfOEn2oIkFDUVVN91dYcKZNq777RSWlldW14rrpY3Nre2d8u5eU8epIrRBYh6rdgiaciZpwzDDaTtRFETIaSsc3kz81iNVmsXy3owSGgjoSxYxAsZKD35IDeAT7PdBCOiWK27VnQIvEi8nFZSj3i1/+b2YpIJKQzho3fHcxAQZKMMIp+OSn2qaABlCn3YslSCoDrLp1WN8ZJUejmJlSxo8VX9PZCC0HonQdgowAz3vTcT/vE5qoqsgYzJJDZVktihKOTYxnkSAe0xRYvjIEiCK2VsxGYACYmxQJRuCN//yImmeVr2L6vndWaV2ncdRRAfoEB0jD12iGrpFddRABCn0jF7Rm/PkvDjvzsesteDkM/voD5zPH2u5kdQ=</latexit>

� � �

<latexit sha1_base64="JGOwbQ4MTD1emeXBCESeOxh4WQ8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxinlAsoTZyWwyZnZmmZkVwpJ/8OJBEa/+jzf/xtlkD5pY0FBUddPdFcScaeO6305haXllda24XtrY3NreKe/uNbVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0U3mt56o0kyKBzOOqR/hgWAhI9hYqXnfc9EV6pUrbtWdAi0SLycVyFHvlb+6fUmSiApDONa647mx8VOsDCOcTkrdRNMYkxEe0I6lAkdU++n02gk6skofhVLZEgZN1d8TKY60HkeB7YywGep5LxP/8zqJCS/9lIk4MVSQ2aIw4chIlL2O+kxRYvjYEkwUs7ciMsQKE2MDKtkQvPmXF0nzpOqdV8/uTiu16zyOIhzAIRyDBxdQg1uoQwMIPMIzvMKbI50X5935mLUWnHxmH/7A+fwBAumOHg==</latexit>

R0 =
<latexit sha1_base64="8hIlakCoc1kF3lceee+IH5jBou8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvXiMaB6QLGF2MpsMmZ1dZnqFsOQTvHhQxKtf5M2/cZLsQaMFDUVVN91dQSKFQdf9cgpLyyura8X10sbm1vZOeXevaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqAccJ9yM6UCIUjKKV7q+I1ytX3Ko7A/lLvJxUIEe9V/7s9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5skqfhLG2pZDM1J8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyX9I8qXrn1bO700rtOo+jCAdwCMfgwQXU4Bbq0AAGA3iCF3h1pPPsvDnv89aCk8/swy84H99Wyo0x</latexit>

> 1
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Example 2: In a closed environment with population 
size N = 1,000. Suppose that there are 900 infections 
on day 1, where the transmission rate   is 0.1 per 
day, and the duration of infection is 7 days.    

<latexit sha1_base64="nnGwXRnX/ukJU7FUv0esJ89smoc=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURtW6EohuXFewDmlIm00k7dCYJMxOhhuCvuHGhiFv/w51/47TNQlsPXDiccy/33uPHnCntON9WYWl5ZXWtuF7a2Nza3rF395oqSiShDRLxSLZ9rChnIW1opjltx5Ji4XPa8kc3E7/1QKViUXivxzHtCjwIWcAI1kbq2QfeAAuB0RXyAolJ6mZpNevZZafiTIEWiZuTMuSo9+wvrx+RRNBQE46V6rhOrLsplpoRTrOSlygaYzLCA9oxNMSCqm46vT5Dx0bpoyCSpkKNpurviRQLpcbCN50C66Ga9ybif14n0cFlN2VhnGgaktmiIOFIR2gSBeozSYnmY0MwkczcisgQmxS0CaxkQnDnX14kzdOKe1E5vzsr167zOIpwCEdwAi5UoQa3UIcGEHiEZ3iFN+vJerHerY9Za8HKZ/bhD6zPH4wTlKk=</latexit>

� =
1

7
<latexit sha1_base64="JGOwbQ4MTD1emeXBCESeOxh4WQ8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxinlAsoTZyWwyZnZmmZkVwpJ/8OJBEa/+jzf/xtlkD5pY0FBUddPdFcScaeO6305haXllda24XtrY3NreKe/uNbVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0U3mt56o0kyKBzOOqR/hgWAhI9hYqXnfc9EV6pUrbtWdAi0SLycVyFHvlb+6fUmSiApDONa647mx8VOsDCOcTkrdRNMYkxEe0I6lAkdU++n02gk6skofhVLZEgZN1d8TKY60HkeB7YywGep5LxP/8zqJCS/9lIk4MVSQ2aIw4chIlL2O+kxRYvjYEkwUs7ciMsQKE2MDKtkQvPmXF0nzpOqdV8/uTiu16zyOIhzAIRyDBxdQg1uoQwMIPMIzvMKbI50X5935mLUWnHxmH/7A+fwBAumOHg==</latexit>

R0 =
<latexit sha1_base64="RVyKHlMs1NawruLhdzaOMwbrVIg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHoBePEc0DkiXMTmaTIbOzy0yvEJZ8ghcPinj1i7z5N06SPWi0oKGo6qa7K0ikMOi6X05haXllda24XtrY3NreKe/uNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33rk2ohYPeA44X5EB0qEglG00v0V8Xrlilt1ZyB/iZeTCuSo98qf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohR1bpkzDWthSSmfpzIqORMeMosJ0RxaFZ9Kbif14nxfDSz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RD8BZf/kuaJ1XvvHp2d1qpXedxFOEADuEYPLiAGtxCHRrAYABP8AKvjnSenTfnfd5acPKZffgF5+MbU76NLw==</latexit>

< 1
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Example 2: In a closed environment with population 
size N = 1,000. Suppose that there are 900 infections 
on day 1, where the transmission rate   is 0.1 per 
day, and the duration of infection is 7 days.    

Exponential growth with rate 
<latexit sha1_base64="5As/sCATbF+uyl3NfsODSKgurlg=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgxbArvo5BLx4jmAdk19A7mU2GzMwuM7NKWPIfXjwo4tV/8ebfOEn2oIkFDUVVN91dYcKZNq777RSWlldW14rrpY3Nre2d8u5eU8epIrRBYh6rdgiaciZpwzDDaTtRFETIaSsc3kz81iNVmsXy3owSGgjoSxYxAsZKD35IDeAT7PdBCOiWK27VnQIvEi8nFZSj3i1/+b2YpIJKQzho3fHcxAQZKMMIp+OSn2qaABlCn3YslSCoDrLp1WN8ZJUejmJlSxo8VX9PZCC0HonQdgowAz3vTcT/vE5qoqsgYzJJDZVktihKOTYxnkSAe0xRYvjIEiCK2VsxGYACYmxQJRuCN//yImmeVr2L6vndWaV2ncdRRAfoEB0jD12iGrpFddRABCn0jF7Rm/PkvDjvzsesteDkM/voD5zPH2u5kdQ=</latexit>

� � �

<latexit sha1_base64="nnGwXRnX/ukJU7FUv0esJ89smoc=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURtW6EohuXFewDmlIm00k7dCYJMxOhhuCvuHGhiFv/w51/47TNQlsPXDiccy/33uPHnCntON9WYWl5ZXWtuF7a2Nza3rF395oqSiShDRLxSLZ9rChnIW1opjltx5Ji4XPa8kc3E7/1QKViUXivxzHtCjwIWcAI1kbq2QfeAAuB0RXyAolJ6mZpNevZZafiTIEWiZuTMuSo9+wvrx+RRNBQE46V6rhOrLsplpoRTrOSlygaYzLCA9oxNMSCqm46vT5Dx0bpoyCSpkKNpurviRQLpcbCN50C66Ga9ybif14n0cFlN2VhnGgaktmiIOFIR2gSBeozSYnmY0MwkczcisgQmxS0CaxkQnDnX14kzdOKe1E5vzsr167zOIpwCEdwAi5UoQa3UIcGEHiEZ3iFN+vJerHerY9Za8HKZ/bhD6zPH4wTlKk=</latexit>

� =
1

7
<latexit sha1_base64="JGOwbQ4MTD1emeXBCESeOxh4WQ8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxinlAsoTZyWwyZnZmmZkVwpJ/8OJBEa/+jzf/xtlkD5pY0FBUddPdFcScaeO6305haXllda24XtrY3NreKe/uNbVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0U3mt56o0kyKBzOOqR/hgWAhI9hYqXnfc9EV6pUrbtWdAi0SLycVyFHvlb+6fUmSiApDONa647mx8VOsDCOcTkrdRNMYkxEe0I6lAkdU++n02gk6skofhVLZEgZN1d8TKY60HkeB7YywGep5LxP/8zqJCS/9lIk4MVSQ2aIw4chIlL2O+kxRYvjYEkwUs7ciMsQKE2MDKtkQvPmXF0nzpOqdV8/uTiu16zyOIhzAIRyDBxdQg1uoQwMIPMIzvMKbI50X5935mLUWnHxmH/7A+fwBAumOHg==</latexit>

R0 =
<latexit sha1_base64="RVyKHlMs1NawruLhdzaOMwbrVIg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHoBePEc0DkiXMTmaTIbOzy0yvEJZ8ghcPinj1i7z5N06SPWi0oKGo6qa7K0ikMOi6X05haXllda24XtrY3NreKe/uNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33rk2ohYPeA44X5EB0qEglG00v0V8Xrlilt1ZyB/iZeTCuSo98qf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohR1bpkzDWthSSmfpzIqORMeMosJ0RxaFZ9Kbif14nxfDSz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RD8BZf/kuaJ1XvvHp2d1qpXedxFOEADuEYPLiAGtxCHRrAYABP8AKvjnSenTfnfd5acPKZffgF5+MbU76NLw==</latexit>

< 1



The system can find an equilibrium where 
the number of newly infected equals the 
number of newly recovered! The overall 
number of susceptible or infected then 
does not change over time.
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The system can find an equilibrium where 
the number of newly infected equals the 
number of newly recovered! The overall 
number of susceptible or infected then 
does not change over time.
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The system can find an equilibrium where 
the number of newly infected equals the 
number of newly recovered! The overall 
number of susceptible or infected then 
does not change over time.
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At equilibrium,                 so call both of these 
quantities  . The number of infected grows as<latexit sha1_base64="NB3UBhddkD0vX6Dq0T3JyQ7ymN4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi94SMA9IljA76SRjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7dRvPqHSPJIPZhyjH9KB5H3OqLFS7b5bLLlldwayTLyMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwUOonGmLIRHWDbUklD1H46O3RCTqzSI/1I2ZKGzNTfEykNtR6Hge0MqRnqRW8q/ue1E9O/9lMu48SgZPNF/UQQE5Hp16THFTIjxpZQpri9lbAhVZQZm03BhuAtvrxMGmdl77J8UTsvVW6yOPJwBMdwCh5cQQXuoAp1YIDwDK/w5jw6L8678zFvzTnZzCH8gfP5A6I9jNc=</latexit>

I

<latexit sha1_base64="eH5PHCg29YsIJbWdFv1nk/D2w5g=">AAAB9HicbVDJSgNBEK1xjXGLevTSGARBCDPidhGCXswtglkgGYaeTidp0rPYXRMIQ77DiwdFvPox3vwbO8kcNPFBweO9Kqrq+bEUGm3721paXlldW89t5De3tnd2C3v7dR0livEai2Skmj7VXIqQ11Cg5M1YcRr4kjf8wd3Ebwy50iIKH3EUczegvVB0BaNoJLfipXjqjMkNqXjoFYp2yZ6CLBInI0XIUPUKX+1OxJKAh8gk1brl2DG6KVUomOTjfDvRPKZsQHu8ZWhIA67ddHr0mBwbpUO6kTIVIpmqvydSGmg9CnzTGVDs63lvIv7ntRLsXrupCOMEechmi7qJJBiRSQKkIxRnKEeGUKaEuZWwPlWUockpb0Jw5l9eJPWzknNZung4L5ZvszhycAhHcAIOXEEZ7qEKNWDwBM/wCm/W0Hqx3q2PWeuSlc0cwB9Ynz8lzpEP</latexit>

It+1 = It

<latexit sha1_base64="eLN6NYD/jHXC7ESBDMOKTLf5rOc="></latexit>

It+1 = It + �It(1�
It
N

)� �It



At equilibrium,                 so call both of these 
quantities  . The number of infected grows as<latexit sha1_base64="NB3UBhddkD0vX6Dq0T3JyQ7ymN4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi94SMA9IljA76SRjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7dRvPqHSPJIPZhyjH9KB5H3OqLFS7b5bLLlldwayTLyMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwUOonGmLIRHWDbUklD1H46O3RCTqzSI/1I2ZKGzNTfEykNtR6Hge0MqRnqRW8q/ue1E9O/9lMu48SgZPNF/UQQE5Hp16THFTIjxpZQpri9lbAhVZQZm03BhuAtvrxMGmdl77J8UTsvVW6yOPJwBMdwCh5cQQXuoAp1YIDwDK/w5jw6L8678zFvzTnZzCH8gfP5A6I9jNc=</latexit>

I

<latexit sha1_base64="eH5PHCg29YsIJbWdFv1nk/D2w5g=">AAAB9HicbVDJSgNBEK1xjXGLevTSGARBCDPidhGCXswtglkgGYaeTidp0rPYXRMIQ77DiwdFvPox3vwbO8kcNPFBweO9Kqrq+bEUGm3721paXlldW89t5De3tnd2C3v7dR0livEai2Skmj7VXIqQ11Cg5M1YcRr4kjf8wd3Ebwy50iIKH3EUczegvVB0BaNoJLfipXjqjMkNqXjoFYp2yZ6CLBInI0XIUPUKX+1OxJKAh8gk1brl2DG6KVUomOTjfDvRPKZsQHu8ZWhIA67ddHr0mBwbpUO6kTIVIpmqvydSGmg9CnzTGVDs63lvIv7ntRLsXrupCOMEechmi7qJJBiRSQKkIxRnKEeGUKaEuZWwPlWUockpb0Jw5l9eJPWzknNZung4L5ZvszhycAhHcAIOXEEZ7qEKNWDwBM/wCm/W0Hqx3q2PWeuSlc0cwB9Ynz8lzpEP</latexit>

It+1 = It



At equilibrium,

<latexit sha1_base64="ycUA2Vz0rGgs3IOXwXVlFAXuKv0=">AAACHXicbZA9SwNBEIb3/DZ+RS1tFoMQC8Od+NUIoo02omBMIBfC3mYuWbJ7d+zOCeHIH7Hxr9hYKGJhI/4b92IKNb6w8PDODLPzBokUBl3305mYnJqemZ2bLywsLi2vFFfXbk2cag5VHstY1wNmQIoIqihQQj3RwFQgoRb0zvJ67Q60EXF0g/0Emop1IhEKztBareKeS4+p32FKMXpBd6gfAObkSwixTL3cCjXj2cUguxz4WnS6uN0qltyKOxQdB28EJTLSVav47rdjniqIkEtmTMNzE2xmTKPgEgYFPzWQMN5jHWhYjJgC08yG1w3olnXaNIy1fRHSoftzImPKmL4KbKdi2DV/a7n5X62RYnjUzESUpAgR/14UppJiTPOoaFto4Cj7FhjXwv6V8i6zYaANtGBD8P6ePA63uxXvoLJ/vVc6OR3FMUc2yCYpE48ckhNyTq5IlXByTx7JM3lxHpwn59V5+26dcEYz6+SXnI8vhWOfLw==</latexit>

0 = �I � �I

✓
1� I

N

◆

At equilibrium,                 so call both of these 
quantities  . The number of infected grows as<latexit sha1_base64="NB3UBhddkD0vX6Dq0T3JyQ7ymN4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi94SMA9IljA76SRjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7dRvPqHSPJIPZhyjH9KB5H3OqLFS7b5bLLlldwayTLyMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwUOonGmLIRHWDbUklD1H46O3RCTqzSI/1I2ZKGzNTfEykNtR6Hge0MqRnqRW8q/ue1E9O/9lMu48SgZPNF/UQQE5Hp16THFTIjxpZQpri9lbAhVZQZm03BhuAtvrxMGmdl77J8UTsvVW6yOPJwBMdwCh5cQQXuoAp1YIDwDK/w5jw6L8678zFvzTnZzCH8gfP5A6I9jNc=</latexit>

I

<latexit sha1_base64="eH5PHCg29YsIJbWdFv1nk/D2w5g=">AAAB9HicbVDJSgNBEK1xjXGLevTSGARBCDPidhGCXswtglkgGYaeTidp0rPYXRMIQ77DiwdFvPox3vwbO8kcNPFBweO9Kqrq+bEUGm3721paXlldW89t5De3tnd2C3v7dR0livEai2Skmj7VXIqQ11Cg5M1YcRr4kjf8wd3Ebwy50iIKH3EUczegvVB0BaNoJLfipXjqjMkNqXjoFYp2yZ6CLBInI0XIUPUKX+1OxJKAh8gk1brl2DG6KVUomOTjfDvRPKZsQHu8ZWhIA67ddHr0mBwbpUO6kTIVIpmqvydSGmg9CnzTGVDs63lvIv7ntRLsXrupCOMEechmi7qJJBiRSQKkIxRnKEeGUKaEuZWwPlWUockpb0Jw5l9eJPWzknNZung4L5ZvszhycAhHcAIOXEEZ7qEKNWDwBM/wCm/W0Hqx3q2PWeuSlc0cwB9Ynz8lzpEP</latexit>

It+1 = It



<latexit sha1_base64="ycUA2Vz0rGgs3IOXwXVlFAXuKv0=">AAACHXicbZA9SwNBEIb3/DZ+RS1tFoMQC8Od+NUIoo02omBMIBfC3mYuWbJ7d+zOCeHIH7Hxr9hYKGJhI/4b92IKNb6w8PDODLPzBokUBl3305mYnJqemZ2bLywsLi2vFFfXbk2cag5VHstY1wNmQIoIqihQQj3RwFQgoRb0zvJ67Q60EXF0g/0Emop1IhEKztBareKeS4+p32FKMXpBd6gfAObkSwixTL3cCjXj2cUguxz4WnS6uN0qltyKOxQdB28EJTLSVav47rdjniqIkEtmTMNzE2xmTKPgEgYFPzWQMN5jHWhYjJgC08yG1w3olnXaNIy1fRHSoftzImPKmL4KbKdi2DV/a7n5X62RYnjUzESUpAgR/14UppJiTPOoaFto4Cj7FhjXwv6V8i6zYaANtGBD8P6ePA63uxXvoLJ/vVc6OR3FMUc2yCYpE48ckhNyTq5IlXByTx7JM3lxHpwn59V5+26dcEYz6+SXnI8vhWOfLw==</latexit>

0 = �I � �I

✓
1� I

N

◆

At equilibrium,                 so call both of these 
quantities  . The number of infected grows as<latexit sha1_base64="NB3UBhddkD0vX6Dq0T3JyQ7ymN4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi94SMA9IljA76SRjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7dRvPqHSPJIPZhyjH9KB5H3OqLFS7b5bLLlldwayTLyMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwUOonGmLIRHWDbUklD1H46O3RCTqzSI/1I2ZKGzNTfEykNtR6Hge0MqRnqRW8q/ue1E9O/9lMu48SgZPNF/UQQE5Hp16THFTIjxpZQpri9lbAhVZQZm03BhuAtvrxMGmdl77J8UTsvVW6yOPJwBMdwCh5cQQXuoAp1YIDwDK/w5jw6L8678zFvzTnZzCH8gfP5A6I9jNc=</latexit>

I

<latexit sha1_base64="eH5PHCg29YsIJbWdFv1nk/D2w5g=">AAAB9HicbVDJSgNBEK1xjXGLevTSGARBCDPidhGCXswtglkgGYaeTidp0rPYXRMIQ77DiwdFvPox3vwbO8kcNPFBweO9Kqrq+bEUGm3721paXlldW89t5De3tnd2C3v7dR0livEai2Skmj7VXIqQ11Cg5M1YcRr4kjf8wd3Ebwy50iIKH3EUczegvVB0BaNoJLfipXjqjMkNqXjoFYp2yZ6CLBInI0XIUPUKX+1OxJKAh8gk1brl2DG6KVUomOTjfDvRPKZsQHu8ZWhIA67ddHr0mBwbpUO6kTIVIpmqvydSGmg9CnzTGVDs63lvIv7ntRLsXrupCOMEechmi7qJJBiRSQKkIxRnKEeGUKaEuZWwPlWUockpb0Jw5l9eJPWzknNZung4L5ZvszhycAhHcAIOXEEZ7qEKNWDwBM/wCm/W0Hqx3q2PWeuSlc0cwB9Ynz8lzpEP</latexit>

It+1 = It

<latexit sha1_base64="BT66dBx0xiLuJTXjofUCey6XsT8=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARRLEkxdtGKLqxG6lgL9DUMplO2qEzSZiZCCXkHdz4Km5cKOLWjTvfxkmbhbb+MPDxn3M4c343ZFQqy/o2cnPzC4tL+eXCyura+oa5udWQQSQwqeOABaLlIkkY9UldUcVIKxQEcZeRpju8SuvNByIkDfw7NQpJh6O+Tz2KkdJW1zy4gE4fcY5gFR5BxyUqpcOMHE8gHFfvy0l8k3TNolWyxoKzYGdQBJlqXfPL6QU44sRXmCEp27YVqk6MhKKYkaTgRJKECA9Rn7Q1+ogT2YnHNyVwTzs96AVCP1/Bsft7IkZcyhF3dSdHaiCna6n5X60dKe+8E1M/jBTx8WSRFzGoApgGBHtUEKzYSAPCguq/QjxAOgelYyzoEOzpk2ehUS7Zp6WT2+Ni5TKLIw92wC7YBzY4AxVwDWqgDjB4BM/gFbwZT8aL8W58TFpzRjazDf7I+PwBH5+b3g==</latexit>

= �I � �I + �
I2

N



<latexit sha1_base64="ycUA2Vz0rGgs3IOXwXVlFAXuKv0=">AAACHXicbZA9SwNBEIb3/DZ+RS1tFoMQC8Od+NUIoo02omBMIBfC3mYuWbJ7d+zOCeHIH7Hxr9hYKGJhI/4b92IKNb6w8PDODLPzBokUBl3305mYnJqemZ2bLywsLi2vFFfXbk2cag5VHstY1wNmQIoIqihQQj3RwFQgoRb0zvJ67Q60EXF0g/0Emop1IhEKztBareKeS4+p32FKMXpBd6gfAObkSwixTL3cCjXj2cUguxz4WnS6uN0qltyKOxQdB28EJTLSVav47rdjniqIkEtmTMNzE2xmTKPgEgYFPzWQMN5jHWhYjJgC08yG1w3olnXaNIy1fRHSoftzImPKmL4KbKdi2DV/a7n5X62RYnjUzESUpAgR/14UppJiTPOoaFto4Cj7FhjXwv6V8i6zYaANtGBD8P6ePA63uxXvoLJ/vVc6OR3FMUc2yCYpE48ckhNyTq5IlXByTx7JM3lxHpwn59V5+26dcEYz6+SXnI8vhWOfLw==</latexit>

0 = �I � �I

✓
1� I

N

◆

At equilibrium,                 so call both of these 
quantities  . The number of infected grows as<latexit sha1_base64="NB3UBhddkD0vX6Dq0T3JyQ7ymN4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi94SMA9IljA76SRjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7dRvPqHSPJIPZhyjH9KB5H3OqLFS7b5bLLlldwayTLyMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwUOonGmLIRHWDbUklD1H46O3RCTqzSI/1I2ZKGzNTfEykNtR6Hge0MqRnqRW8q/ue1E9O/9lMu48SgZPNF/UQQE5Hp16THFTIjxpZQpri9lbAhVZQZm03BhuAtvrxMGmdl77J8UTsvVW6yOPJwBMdwCh5cQQXuoAp1YIDwDK/w5jw6L8678zFvzTnZzCH8gfP5A6I9jNc=</latexit>

I

<latexit sha1_base64="eH5PHCg29YsIJbWdFv1nk/D2w5g=">AAAB9HicbVDJSgNBEK1xjXGLevTSGARBCDPidhGCXswtglkgGYaeTidp0rPYXRMIQ77DiwdFvPox3vwbO8kcNPFBweO9Kqrq+bEUGm3721paXlldW89t5De3tnd2C3v7dR0livEai2Skmj7VXIqQ11Cg5M1YcRr4kjf8wd3Ebwy50iIKH3EUczegvVB0BaNoJLfipXjqjMkNqXjoFYp2yZ6CLBInI0XIUPUKX+1OxJKAh8gk1brl2DG6KVUomOTjfDvRPKZsQHu8ZWhIA67ddHr0mBwbpUO6kTIVIpmqvydSGmg9CnzTGVDs63lvIv7ntRLsXrupCOMEechmi7qJJBiRSQKkIxRnKEeGUKaEuZWwPlWUockpb0Jw5l9eJPWzknNZung4L5ZvszhycAhHcAIOXEEZ7qEKNWDwBM/wCm/W0Hqx3q2PWeuSlc0cwB9Ynz8lzpEP</latexit>

It+1 = It

<latexit sha1_base64="BT66dBx0xiLuJTXjofUCey6XsT8=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARRLEkxdtGKLqxG6lgL9DUMplO2qEzSZiZCCXkHdz4Km5cKOLWjTvfxkmbhbb+MPDxn3M4c343ZFQqy/o2cnPzC4tL+eXCyura+oa5udWQQSQwqeOABaLlIkkY9UldUcVIKxQEcZeRpju8SuvNByIkDfw7NQpJh6O+Tz2KkdJW1zy4gE4fcY5gFR5BxyUqpcOMHE8gHFfvy0l8k3TNolWyxoKzYGdQBJlqXfPL6QU44sRXmCEp27YVqk6MhKKYkaTgRJKECA9Rn7Q1+ogT2YnHNyVwTzs96AVCP1/Bsft7IkZcyhF3dSdHaiCna6n5X60dKe+8E1M/jBTx8WSRFzGoApgGBHtUEKzYSAPCguq/QjxAOgelYyzoEOzpk2ehUS7Zp6WT2+Ni5TKLIw92wC7YBzY4AxVwDWqgDjB4BM/gFbwZT8aL8W58TFpzRjazDf7I+PwBH5+b3g==</latexit>

= �I � �I + �
I2

N
<latexit sha1_base64="7PzQwMnwOkYRXvIXWg6zOBDIjB8="></latexit>

0 = I

✓
�

N
I + � � �

◆



<latexit sha1_base64="ycUA2Vz0rGgs3IOXwXVlFAXuKv0=">AAACHXicbZA9SwNBEIb3/DZ+RS1tFoMQC8Od+NUIoo02omBMIBfC3mYuWbJ7d+zOCeHIH7Hxr9hYKGJhI/4b92IKNb6w8PDODLPzBokUBl3305mYnJqemZ2bLywsLi2vFFfXbk2cag5VHstY1wNmQIoIqihQQj3RwFQgoRb0zvJ67Q60EXF0g/0Emop1IhEKztBareKeS4+p32FKMXpBd6gfAObkSwixTL3cCjXj2cUguxz4WnS6uN0qltyKOxQdB28EJTLSVav47rdjniqIkEtmTMNzE2xmTKPgEgYFPzWQMN5jHWhYjJgC08yG1w3olnXaNIy1fRHSoftzImPKmL4KbKdi2DV/a7n5X62RYnjUzESUpAgR/14UppJiTPOoaFto4Cj7FhjXwv6V8i6zYaANtGBD8P6ePA63uxXvoLJ/vVc6OR3FMUc2yCYpE48ckhNyTq5IlXByTx7JM3lxHpwn59V5+26dcEYz6+SXnI8vhWOfLw==</latexit>

0 = �I � �I

✓
1� I

N

◆

The only way for the product of these terms to be zero is if

At equilibrium,                 so call both of these 
quantities  . The number of infected grows as<latexit sha1_base64="NB3UBhddkD0vX6Dq0T3JyQ7ymN4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi94SMA9IljA76SRjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7dRvPqHSPJIPZhyjH9KB5H3OqLFS7b5bLLlldwayTLyMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwUOonGmLIRHWDbUklD1H46O3RCTqzSI/1I2ZKGzNTfEykNtR6Hge0MqRnqRW8q/ue1E9O/9lMu48SgZPNF/UQQE5Hp16THFTIjxpZQpri9lbAhVZQZm03BhuAtvrxMGmdl77J8UTsvVW6yOPJwBMdwCh5cQQXuoAp1YIDwDK/w5jw6L8678zFvzTnZzCH8gfP5A6I9jNc=</latexit>

I

<latexit sha1_base64="eH5PHCg29YsIJbWdFv1nk/D2w5g=">AAAB9HicbVDJSgNBEK1xjXGLevTSGARBCDPidhGCXswtglkgGYaeTidp0rPYXRMIQ77DiwdFvPox3vwbO8kcNPFBweO9Kqrq+bEUGm3721paXlldW89t5De3tnd2C3v7dR0livEai2Skmj7VXIqQ11Cg5M1YcRr4kjf8wd3Ebwy50iIKH3EUczegvVB0BaNoJLfipXjqjMkNqXjoFYp2yZ6CLBInI0XIUPUKX+1OxJKAh8gk1brl2DG6KVUomOTjfDvRPKZsQHu8ZWhIA67ddHr0mBwbpUO6kTIVIpmqvydSGmg9CnzTGVDs63lvIv7ntRLsXrupCOMEechmi7qJJBiRSQKkIxRnKEeGUKaEuZWwPlWUockpb0Jw5l9eJPWzknNZung4L5ZvszhycAhHcAIOXEEZ7qEKNWDwBM/wCm/W0Hqx3q2PWeuSlc0cwB9Ynz8lzpEP</latexit>

It+1 = It

<latexit sha1_base64="BT66dBx0xiLuJTXjofUCey6XsT8=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARRLEkxdtGKLqxG6lgL9DUMplO2qEzSZiZCCXkHdz4Km5cKOLWjTvfxkmbhbb+MPDxn3M4c343ZFQqy/o2cnPzC4tL+eXCyura+oa5udWQQSQwqeOABaLlIkkY9UldUcVIKxQEcZeRpju8SuvNByIkDfw7NQpJh6O+Tz2KkdJW1zy4gE4fcY5gFR5BxyUqpcOMHE8gHFfvy0l8k3TNolWyxoKzYGdQBJlqXfPL6QU44sRXmCEp27YVqk6MhKKYkaTgRJKECA9Rn7Q1+ogT2YnHNyVwTzs96AVCP1/Bsft7IkZcyhF3dSdHaiCna6n5X60dKe+8E1M/jBTx8WSRFzGoApgGBHtUEKzYSAPCguq/QjxAOgelYyzoEOzpk2ehUS7Zp6WT2+Ni5TKLIw92wC7YBzY4AxVwDWqgDjB4BM/gFbwZT8aL8W58TFpzRjazDf7I+PwBH5+b3g==</latexit>

= �I � �I + �
I2

N
<latexit sha1_base64="7PzQwMnwOkYRXvIXWg6zOBDIjB8="></latexit>

0 = I

✓
�

N
I + � � �

◆

<latexit sha1_base64="4Ri2telHhZ+PZuny5TC5ABldmKY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVq16Eohe9VbAf0C4lm2bb0CS7JFmhLP0LXjwo4tU/5M1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML7N/PYTVZpF8tFMYuoLPJQsZASbTLq/Rm6/XHGr7gxomXg5qUCORr/81RtEJBFUGsKx1l3PjY2fYmUY4XRa6iWaxpiM8ZB2LZVYUO2ns1un6MQqAxRGypY0aKb+nkix0HoiAtspsBnpRS8T//O6iQmv/JTJODFUkvmiMOHIRCh7HA2YosTwiSWYKGZvRWSEFSbGxlOyIXiLLy+T1lnVu6jWHs4r9Zs8jiIcwTGcggeXUIc7aEATCIzgGV7hzRHOi/PufMxbC04+cwh/4Hz+AOgnjYI=</latexit>

I = 0

<latexit sha1_base64="sOKeV6ISiK4TWpw5vuu9sFL2IfQ=">AAACDnicbVDLSsNAFJ34rPVVdelmsBQEsSTiayMU3ehGKtgHNKHcTCft0JkkzEyEEvIFbvwVNy4UcevanX/j9LHQ1gMXDufcy733+DFnStv2tzU3v7C4tJxbya+urW9sFra26ypKJKE1EvFINn1QlLOQ1jTTnDZjSUH4nDb8/tXQbzxQqVgU3utBTD0B3ZAFjIA2UrtQcgMJJHV9qiFLb7MbfIDdLggB+BCPVHyB7XahaJftEfAscSakiCaotgtfbiciiaChJhyUajl2rL0UpGaE0yzvJorGQPrQpS1DQxBUeenonQyXjNLBQSRNhRqP1N8TKQilBsI3nQJ0T017Q/E/r5Xo4NxLWRgnmoZkvChIONYRHmaDO0xSovnAECCSmVsx6YHJR5sE8yYEZ/rlWVI/Kjun5ZO742LlchJHDu2iPbSPHHSGKugaVVENEfSIntErerOerBfr3foYt85Zk5kd9AfW5w+FqJp6</latexit>

�

N
I + � � � = 0or



<latexit sha1_base64="ycUA2Vz0rGgs3IOXwXVlFAXuKv0=">AAACHXicbZA9SwNBEIb3/DZ+RS1tFoMQC8Od+NUIoo02omBMIBfC3mYuWbJ7d+zOCeHIH7Hxr9hYKGJhI/4b92IKNb6w8PDODLPzBokUBl3305mYnJqemZ2bLywsLi2vFFfXbk2cag5VHstY1wNmQIoIqihQQj3RwFQgoRb0zvJ67Q60EXF0g/0Emop1IhEKztBareKeS4+p32FKMXpBd6gfAObkSwixTL3cCjXj2cUguxz4WnS6uN0qltyKOxQdB28EJTLSVav47rdjniqIkEtmTMNzE2xmTKPgEgYFPzWQMN5jHWhYjJgC08yG1w3olnXaNIy1fRHSoftzImPKmL4KbKdi2DV/a7n5X62RYnjUzESUpAgR/14UppJiTPOoaFto4Cj7FhjXwv6V8i6zYaANtGBD8P6ePA63uxXvoLJ/vVc6OR3FMUc2yCYpE48ckhNyTq5IlXByTx7JM3lxHpwn59V5+26dcEYz6+SXnI8vhWOfLw==</latexit>

0 = �I � �I

✓
1� I

N

◆

The only way for the product of these terms to be zero is if

At equilibrium,                 so call both of these 
quantities  . The number of infected grows as<latexit sha1_base64="NB3UBhddkD0vX6Dq0T3JyQ7ymN4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi94SMA9IljA76SRjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7dRvPqHSPJIPZhyjH9KB5H3OqLFS7b5bLLlldwayTLyMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwUOonGmLIRHWDbUklD1H46O3RCTqzSI/1I2ZKGzNTfEykNtR6Hge0MqRnqRW8q/ue1E9O/9lMu48SgZPNF/UQQE5Hp16THFTIjxpZQpri9lbAhVZQZm03BhuAtvrxMGmdl77J8UTsvVW6yOPJwBMdwCh5cQQXuoAp1YIDwDK/w5jw6L8678zFvzTnZzCH8gfP5A6I9jNc=</latexit>

I

<latexit sha1_base64="eH5PHCg29YsIJbWdFv1nk/D2w5g=">AAAB9HicbVDJSgNBEK1xjXGLevTSGARBCDPidhGCXswtglkgGYaeTidp0rPYXRMIQ77DiwdFvPox3vwbO8kcNPFBweO9Kqrq+bEUGm3721paXlldW89t5De3tnd2C3v7dR0livEai2Skmj7VXIqQ11Cg5M1YcRr4kjf8wd3Ebwy50iIKH3EUczegvVB0BaNoJLfipXjqjMkNqXjoFYp2yZ6CLBInI0XIUPUKX+1OxJKAh8gk1brl2DG6KVUomOTjfDvRPKZsQHu8ZWhIA67ddHr0mBwbpUO6kTIVIpmqvydSGmg9CnzTGVDs63lvIv7ntRLsXrupCOMEechmi7qJJBiRSQKkIxRnKEeGUKaEuZWwPlWUockpb0Jw5l9eJPWzknNZung4L5ZvszhycAhHcAIOXEEZ7qEKNWDwBM/wCm/W0Hqx3q2PWeuSlc0cwB9Ynz8lzpEP</latexit>

It+1 = It

<latexit sha1_base64="BT66dBx0xiLuJTXjofUCey6XsT8=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARRLEkxdtGKLqxG6lgL9DUMplO2qEzSZiZCCXkHdz4Km5cKOLWjTvfxkmbhbb+MPDxn3M4c343ZFQqy/o2cnPzC4tL+eXCyura+oa5udWQQSQwqeOABaLlIkkY9UldUcVIKxQEcZeRpju8SuvNByIkDfw7NQpJh6O+Tz2KkdJW1zy4gE4fcY5gFR5BxyUqpcOMHE8gHFfvy0l8k3TNolWyxoKzYGdQBJlqXfPL6QU44sRXmCEp27YVqk6MhKKYkaTgRJKECA9Rn7Q1+ogT2YnHNyVwTzs96AVCP1/Bsft7IkZcyhF3dSdHaiCna6n5X60dKe+8E1M/jBTx8WSRFzGoApgGBHtUEKzYSAPCguq/QjxAOgelYyzoEOzpk2ehUS7Zp6WT2+Ni5TKLIw92wC7YBzY4AxVwDWqgDjB4BM/gFbwZT8aL8W58TFpzRjazDf7I+PwBH5+b3g==</latexit>

= �I � �I + �
I2

N
<latexit sha1_base64="7PzQwMnwOkYRXvIXWg6zOBDIjB8="></latexit>

0 = I

✓
�

N
I + � � �

◆

<latexit sha1_base64="4Ri2telHhZ+PZuny5TC5ABldmKY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVq16Eohe9VbAf0C4lm2bb0CS7JFmhLP0LXjwo4tU/5M1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML7N/PYTVZpF8tFMYuoLPJQsZASbTLq/Rm6/XHGr7gxomXg5qUCORr/81RtEJBFUGsKx1l3PjY2fYmUY4XRa6iWaxpiM8ZB2LZVYUO2ns1un6MQqAxRGypY0aKb+nkix0HoiAtspsBnpRS8T//O6iQmv/JTJODFUkvmiMOHIRCh7HA2YosTwiSWYKGZvRWSEFSbGxlOyIXiLLy+T1lnVu6jWHs4r9Zs8jiIcwTGcggeXUIc7aEATCIzgGV7hzRHOi/PufMxbC04+cwh/4Hz+AOgnjYI=</latexit>

I = 0

<latexit sha1_base64="sOKeV6ISiK4TWpw5vuu9sFL2IfQ=">AAACDnicbVDLSsNAFJ34rPVVdelmsBQEsSTiayMU3ehGKtgHNKHcTCft0JkkzEyEEvIFbvwVNy4UcevanX/j9LHQ1gMXDufcy733+DFnStv2tzU3v7C4tJxbya+urW9sFra26ypKJKE1EvFINn1QlLOQ1jTTnDZjSUH4nDb8/tXQbzxQqVgU3utBTD0B3ZAFjIA2UrtQcgMJJHV9qiFLb7MbfIDdLggB+BCPVHyB7XahaJftEfAscSakiCaotgtfbiciiaChJhyUajl2rL0UpGaE0yzvJorGQPrQpS1DQxBUeenonQyXjNLBQSRNhRqP1N8TKQilBsI3nQJ0T017Q/E/r5Xo4NxLWRgnmoZkvChIONYRHmaDO0xSovnAECCSmVsx6YHJR5sE8yYEZ/rlWVI/Kjun5ZO742LlchJHDu2iPbSPHHSGKugaVVENEfSIntErerOerBfr3foYt85Zk5kd9AfW5w+FqJp6</latexit>

�

N
I + � � � = 0or which simplifies to 

<latexit sha1_base64="8dWnRXl2gkzxiOAFzIROUA1SHQI=">AAACBnicbVDJSgNBEO2JW4xb1KMIjUGIB8OMuF2EoBe9SASzQCaEmk5P0qR7ZujuEcIwJy/+ihcPinj1G7z5N3aWgyY+KHi8V0VVPS/iTGnb/rYyc/MLi0vZ5dzK6tr6Rn5zq6bCWBJaJSEPZcMDRTkLaFUzzWkjkhSEx2nd618N/foDlYqFwb0eRLQloBswnxHQRmrnd2/wBb4tOoeuL4EkbheEgDRxPaohPWjnC3bJHgHPEmdCCmiCSjv/5XZCEgsaaMJBqaZjR7qVgNSMcJrm3FjRCEgfurRpaACCqlYyeiPF+0bpYD+UpgKNR+rviQSEUgPhmU4BuqemvaH4n9eMtX/eSlgQxZoGZLzIjznWIR5mgjtMUqL5wBAgkplbMemByUOb5HImBGf65VlSOyo5p6WTu+NC+XISRxbtoD1URA46Q2V0jSqoigh6RM/oFb1ZT9aL9W59jFsz1mRmG/2B9fkDYeCX2Q==</latexit>

I = N(1� �

�
) Equilibrium value



<latexit sha1_base64="8dWnRXl2gkzxiOAFzIROUA1SHQI=">AAACBnicbVDJSgNBEO2JW4xb1KMIjUGIB8OMuF2EoBe9SASzQCaEmk5P0qR7ZujuEcIwJy/+ihcPinj1G7z5N3aWgyY+KHi8V0VVPS/iTGnb/rYyc/MLi0vZ5dzK6tr6Rn5zq6bCWBJaJSEPZcMDRTkLaFUzzWkjkhSEx2nd618N/foDlYqFwb0eRLQloBswnxHQRmrnd2/wBb4tOoeuL4EkbheEgDRxPaohPWjnC3bJHgHPEmdCCmiCSjv/5XZCEgsaaMJBqaZjR7qVgNSMcJrm3FjRCEgfurRpaACCqlYyeiPF+0bpYD+UpgKNR+rviQSEUgPhmU4BuqemvaH4n9eMtX/eSlgQxZoGZLzIjznWIR5mgjtMUqL5wBAgkplbMemByUOb5HImBGf65VlSOyo5p6WTu+NC+XISRxbtoD1URA46Q2V0jSqoigh6RM/oFb1ZT9aL9W59jFsz1mRmG/2B9fkDYeCX2Q==</latexit>

I = N(1� �

�
)
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When                                             , 
<latexit sha1_base64="GLjUyBFYKVyJ853/lt8lugAPQ6U=">AAACDXicbVDLSgMxFM3UV62vUZduglVwISUjVt0IRTeupIJ9QDuUTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GtJ2Ftl4InMe93NwTxJxpg9C3k1tYXFpeya8W1tY3Nrfc7Z26jhJFaI1EPFLNAGvKmaQ1wwynzVhRLAJOG8Hgeuw3HqjSLJL3ZhhTX+CeZCEj2Fip4x7cwkvoIYSOYbuHhcCWohIqWxpQM2Vexy1abVJwHngZKIKsqh33q92NSCKoNIRjrVseio2fYmUY4XRUaCeaxpgMcI+2LJRYUO2nk2tG8NAqXRhGyj5p4ET9PZFiofVQBLZTYNPXs95Y/M9rJSa88FMm48RQSaaLwoRDE8FxNLDLFCWGDy3ARDH7V0j6WGFibIAFG4I3e/I8qJ+UvLNS+e60WLnK4siDPbAPjoAHzkEF3IAqqAECHsEzeAVvzpPz4rw7H9PWnJPN7II/5Xz+AKPvluQ=</latexit>

N = 1000, � = 0.05,� = 0.1
<latexit sha1_base64="sBmkz6HeZioyBswk5X0fi/kc7lA=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2o0GIhWFXjNoIQRsriWAekA3h7mQ2GTKzu8zMCmFJbeOv2FgoYusX2Pk3Th6FJh64cDjnXu69x485U9pxvq3MwuLS8kp2Nbe2vrG5ZW/v1FSUSEKrJOKRbPigKGchrWqmOW3EkoLwOa37/euRX3+gUrEovNeDmLYEdEMWMALaSG17/7bgHnuBBJJ6XRAChqnnUw3DI3yJS46Di2077xSdMfA8cackj6aotO0vrxORRNBQEw5KNV0n1q0UpGaE02HOSxSNgfShS5uGhiCoaqXjV4b40CgdHETSVKjxWP09kYJQaiB80ylA99SsNxL/85qJDi5aKQvjRNOQTBYFCcc6wqNccIdJSjQfGAJEMnMrJj0wuWiTXs6E4M6+PE9qJ0X3rFi6O82Xr6ZxZNEeOkAF5KJzVEY3qIKqiKBH9Ixe0Zv1ZL1Y79bHpDVjTWd20R9Ynz8aYpib</latexit>

N(1� �

�
) = 500.



SIR model

The SIR model consists of three compartments: 
S: Susceptible 
I: Infected 
R: Removed: recovered (and immune) or deceased 
individuals

susceptible infected removed



Newly infected

Newly removed

susceptible infected removed



Newly infected

susceptible infected removed

To simulate, start with values for                , plug in to get 
values for                . Plug these values in to get values for        
                  and continue. 

<latexit sha1_base64="u8zYubeBaP/DgZN4S39GF4DCVao=">AAAB9HicbVDJTsMwEJ2wlrIVOHKxqJA4oCpBbMcKLnArSxepjSLHdVqrjhNsp1IV9Tu4cAAhrnwMN/4Gp80BWp40o6f3ZuTx82POlLbtb2thcWl5ZbWwVlzf2NzaLu3sNlSUSELrJOKRbPlYUc4ErWumOW3FkuLQ57TpD64zvzmkUrFIPOpRTN0Q9wQLGMHaSO6D5xyj26zde45XKtsVewI0T5yclCFHzSt9dboRSUIqNOFYqbZjx9pNsdSMcDoudhJFY0wGuEfbhgocUuWmk6PH6NAoXRRE0pTQaKL+3khxqNQo9M1kiHVfzXqZ+J/XTnRw6aZMxImmgkwfChKOdISyBFCXSUo0HxmCiWTmVkT6WGKiTU5FE4Iz++V50jipOOeVs7vTcvUqj6MA+3AAR+DABVThBmpQBwJP8Ayv8GYNrRfr3fqYji5Y+c4e/IH1+QPgr5A8</latexit>

S1, I1, R1
<latexit sha1_base64="5Cs/7Ski/Q0XW2Qt4qjHvOdbXZU=">AAAB9HicbVDJTsMwEJ2UrZStwJGLRYXEAVVJxXas4AK3snSR2ihyXKe16jjBdipVUb+DCwcQ4srHcONvcNscoOVJM3p6b0YePz/mTGnb/rZyS8srq2v59cLG5tb2TnF3r6GiRBJaJxGPZMvHinImaF0zzWkrlhSHPqdNf3A98ZtDKhWLxKMexdQNcU+wgBGsjeQ+eJUTdDtp917FK5bssj0FWiRORkqQoeYVvzrdiCQhFZpwrFTbsWPtplhqRjgdFzqJojEmA9yjbUMFDqly0+nRY3RklC4KImlKaDRVf2+kOFRqFPpmMsS6r+a9ifif1050cOmmTMSJpoLMHgoSjnSEJgmgLpOUaD4yBBPJzK2I9LHERJucCiYEZ/7Li6RRKTvn5bO701L1KosjDwdwCMfgwAVU4QZqUAcCT/AMr/BmDa0X6936mI3mrGxnH/7A+vwB5UqQPw==</latexit>

S2, I2, R2
<latexit sha1_base64="Nowix+HkkTBL14VGRalInOJUOnc=">AAAB9HicbVDJTsMwEJ2wlrIVOHKxqJA4oCqhbMcKLnArSxepjSLHdVqrjhNsp1IV9Tu4cAAhrnwMN/4Gp+0BWp40o6f3ZuTx82POlLbtb2thcWl5ZTW3ll/f2NzaLuzs1lWUSEJrJOKRbPpYUc4ErWmmOW3GkuLQ57Th968zvzGgUrFIPOphTN0QdwULGMHaSO6DVz5Gt1m798peoWiX7DHQPHGmpAhTVL3CV7sTkSSkQhOOlWo5dqzdFEvNCKejfDtRNMakj7u0ZajAIVVuOj56hA6N0kFBJE0Jjcbq740Uh0oNQ99Mhlj31KyXif95rUQHl27KRJxoKsjkoSDhSEcoSwB1mKRE86EhmEhmbkWkhyUm2uSUNyE4s1+eJ/WTknNeOrs7LVaupnHkYB8O4AgcuIAK3EAVakDgCZ7hFd6sgfVivVsfk9EFa7qzB39gff4A6eWQQg==</latexit>

S3, I3, R3

Newly removed
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Example 1: In a closed environment with population 
size N = 10,000. Suppose that there are 10 infections 
on day 1, and that               and           . <latexit sha1_base64="jb0c8fh8vmJcOCraorgE7O3Xnac=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKez6vghBLx6jmAckS5iddJIhs7PrzKwQlvyEFw+KePV3vPk3TpI9aLSgoajqprsriAXXxnW/nNzC4tLySn61sLa+sblV3N6p6yhRDGssEpFqBlSj4BJrhhuBzVghDQOBjWB4PfEbj6g0j+S9GcXoh7QveY8zaqzUvOu45JIcu51iyS27U5C/xMtICTJUO8XPdjdiSYjSMEG1bnlubPyUKsOZwHGhnWiMKRvSPrYslTRE7afTe8fkwCpd0ouULWnIVP05kdJQ61EY2M6QmoGe9ybif14rMb0LP+UyTgxKNlvUSwQxEZk8T7pcITNiZAllittbCRtQRZmxERVsCN78y39J/ajsnZVPb09KlassjjzswT4cggfnUIEbqEINGAh4ghd4dR6cZ+fNeZ+15pxsZhd+wfn4BuXCjpU=</latexit>

R0 = 30
<latexit sha1_base64="HCNp/oBTWj1e4LEJzpTn3qVsNL0=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlIsoTZSW8yZHZ2mZkVwpKv8OJBEa9+jjf/xkmyB40WNBRV3XR3BYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6xGV5rG8N+ME/YgOJA85o8ZKD90ADSVXxOuVK27VnYH8JV5OKpCj3it/dvsxSyOUhgmqdcdzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bHTwhR1bpkzBWtqQhM/XnREYjrcdRYDsjaoZ60ZuK/3md1ISXfsZlkhqUbL4oTAUxMZl+T/pcITNibAllittbCRtSRZmxGZVsCN7iy39J86TqnVfP7k4rtes8jiIcwCEcgwcXUINbqEMDGETwBC/w6ijn2Xlz3uetBSef2YdfcD6+AWuCj4Q=</latexit>

� = 1

<latexit sha1_base64="/J9ZGC1D0pDOH3q3e4kXAqFYCHw=">AAACA3icbVDLSsNAFJ3UV62vqjvdDBbBVUnE10YounFZxT6gCeFmOmmHziRhZiKUEHDjr7hxoYhbf8Kdf+P0sdDWAxcO59zLvfcECWdK2/a3VVhYXFpeKa6W1tY3NrfK2ztNFaeS0AaJeSzbASjKWUQbmmlO24mkIAJOW8HgeuS3HqhULI7u9TChnoBexEJGQBvJL+/d+Ta+xG4ogWRuQDXkmdsDISD3yxW7ao+B54kzJRU0Rd0vf7ndmKSCRppwUKrj2In2MpCaEU7zkpsqmgAZQI92DI1AUOVl4x9yfGiULg5jaSrSeKz+nshAKDUUgekUoPtq1huJ/3mdVIcXXsaiJNU0IpNFYcqxjvEoENxlkhLNh4YAkczcikkfTBzaxFYyITizL8+T5nHVOaue3p5UalfTOIpoHx2gI+Sgc1RDN6iOGoigR/SMXtGb9WS9WO/Wx6S1YE1ndtEfWJ8/SPaXVg==</latexit>

R0 =
�

�
<latexit sha1_base64="+DFMgyOjOc52xH9R2l71Y63zAjU=">AAACA3icbVDLSsNAFJ3UV62vqjvdDBbBVUnE10YounFZxT6gCeFmOmmHziRhZiKUEHDjr7hxoYhbf8Kdf+P0sdDWAxcO59zLvfcECWdK2/a3VVhYXFpeKa6W1tY3NrfK2ztNFaeS0AaJeSzbASjKWUQbmmlO24mkIAJOW8HgeuS3HqhULI7u9TChnoBexEJGQBvJL++5PRAC8CV2QwkkcwOqIc/ufDv3yxW7ao+B54kzJRU0Rd0vf7ndmKSCRppwUKrj2In2MpCaEU7zkpsqmgAZQI92DI1AUOVl4x9yfGiULg5jaSrSeKz+nshAKDUUgekUoPtq1huJ/3mdVIcXXsaiJNU0IpNFYcqxjvEoENxlkhLNh4YAkczcikkfTBbaxFYyITizL8+T5nHVOaue3p5UalfTOIpoHx2gI+Sgc1RDN6iOGoigR/SMXtGb9WS9WO/Wx6S1YE1ndtEfWJ8/UQ2XVg==</latexit>

� =
�

R0
so

<latexit sha1_base64="jb0c8fh8vmJcOCraorgE7O3Xnac=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKez6vghBLx6jmAckS5iddJIhs7PrzKwQlvyEFw+KePV3vPk3TpI9aLSgoajqprsriAXXxnW/nNzC4tLySn61sLa+sblV3N6p6yhRDGssEpFqBlSj4BJrhhuBzVghDQOBjWB4PfEbj6g0j+S9GcXoh7QveY8zaqzUvOu45JIcu51iyS27U5C/xMtICTJUO8XPdjdiSYjSMEG1bnlubPyUKsOZwHGhnWiMKRvSPrYslTRE7afTe8fkwCpd0ouULWnIVP05kdJQ61EY2M6QmoGe9ybif14rMb0LP+UyTgxKNlvUSwQxEZk8T7pcITNiZAllittbCRtQRZmxERVsCN78y39J/ajsnZVPb09KlassjjzswT4cggfnUIEbqEINGAh4ghd4dR6cZ+fNeZ+15pxsZhd+wfn4BuXCjpU=</latexit>

R0 = 30
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<latexit sha1_base64="xo2gIzjMeUJCbW39skGOTTUOXXs=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxinlAsoTZySQZMju7zvQKYclPePGgiFd/x5t/4yTZgyYWNBRV3XR3BbEUBl3328ktLa+sruXXCxubW9s7xd29uokSzXiNRTLSzYAaLoXiNRQoeTPWnIaB5I1geDPxG09cGxGpBxzF3A9pX4meYBSt1LzvuOSKeG6nWHLL7hRkkXgZKUGGaqf41e5GLAm5QiapMS3PjdFPqUbBJB8X2onhMWVD2uctSxUNufHT6b1jcmSVLulF2pZCMlV/T6Q0NGYUBrYzpDgw895E/M9rJdi79FOh4gS5YrNFvUQSjMjkedIVmjOUI0so08LeStiAasrQRlSwIXjzLy+S+knZOy+f3Z2WKtdZHHk4gEM4Bg8uoAK3UIUaMJDwDK/w5jw6L8678zFrzTnZzD78gfP5A+K4jpM=</latexit>

R0 = 10

<latexit sha1_base64="FHg5YSn0mxoFZcnMteq7OV9fUN4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKez6vghBLx6jmAckS5idTJIhs7PLTK8QlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXEEth0HW/ndzS8srqWn69sLG5tb1T3N2rmyjRjNdYJCPdDKjhUiheQ4GSN2PNaRhI3giGtxO/8cS1EZF6xFHM/ZD2legJRtFKjYeOS67JaadYcsvuFGSReBkpQYZqp/jV7kYsCblCJqkxLc+N0U+pRsEkHxfaieExZUPa5y1LFQ258dPpuWNyZJUu6UXalkIyVX9PpDQ0ZhQGtjOkODDz3kT8z2sl2LvyU6HiBLlis0W9RBKMyOR30hWaM5QjSyjTwt5K2IBqytAmVLAhePMvL5L6Sdm7KJ/fn5UqN1kceTiAQzgGDy6hAndQhRowGMIzvMKbEzsvzrvzMWvNOdnMPvyB8/kDdoGOWw==</latexit>

R0 = 3
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<latexit sha1_base64="Sl6Zd2jVEjGZISmNrrQ6PdhqjPs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKewGXxch6MVjFPOAZAmzk04yZHZ2mZkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U795hMqzSP5aMYx+iEdSN7njBorNR+6LrkmlW6x5JbdGcgy8TJSggy1bvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns3Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/KT7mME4OSzRf1E0FMRKa/kx5XyIwYW0KZ4vZWwoZUUWZsQgUbgrf48jJpVMreRfn8/qxUvcniyMMRHMMpeHAJVbiDGtSBwQie4RXenNh5cd6dj3lrzslmDuEPnM8fdP2OWg==</latexit>

R0 = 2

Disease dies 
out when 
<latexit sha1_base64="we8rV+m9EfhWgMg5CV4rTPdvZHI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdfAQ9OIxinlAsoTZSW8yZHZ2mZkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdb2dpeWV1bb2wUdzc2t7ZLe3tN3ScKoZ1FotYtQKqUXCJdcONwFaikEaBwGYwvJ34zSdUmsfy0YwS9CPalzzkjBorNR+6LrkmXrdUdivuFGSReDkpQ45at/TV6cUsjVAaJqjWbc9NjJ9RZTgTOC52Uo0JZUPax7alkkao/Wx67pgcW6VHwljZkoZM1d8TGY20HkWB7YyoGeh5byL+57VTE175GZdJalCy2aIwFcTEZPI76XGFzIiRJZQpbm8lbEAVZcYmVLQhePMvL5LGacW7qJzfn5WrN3kcBTiEIzgBDy6hCndQgzowGMIzvMKbkzgvzrvzMWtdcvKZA/gD5/MHcfOOWA==</latexit>

R0 < 1
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How well does this work in practice?

From AlQadi H, Bani-Yaghoub M (2022) 
using a slightly different model. 

Look at data from the 
first 100 days (say) 
and find the  
that best describe 
the data. Then use 
those values to 
predict the future. 

<latexit sha1_base64="Pq3d//0fbKxlW6AWXmcAiBrWI5o=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcKu+DoGvXiMYB6QXULvZDYZMjO7zswGwpLv8OJBEa9+jDf/xkmyB00saCiquunuChPOtHHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFaENEvNYtUPQlDNJG4YZTtuJoiBCTlvh8G7qt0ZUaRbLRzNOaCCgL1nECBgrBX5IDZxhvw9CQLdccavuDHiZeDmpoBz1bvnL78UkFVQawkHrjucmJshAGUY4nZT8VNMEyBD6tGOpBEF1kM2OnuATq/RwFCtb0uCZ+nsiA6H1WIS2U4AZ6EVvKv7ndVIT3QQZk0lqqCTzRVHKsYnxNAHcY4oSw8eWAFHM3orJABQQY3Mq2RC8xZeXSfO86l1VLx8uKrXbPI4iOkLH6BR56BrV0D2qowYi6Ak9o1f05oycF+fd+Zi3Fpx85hD9gfP5AxG6kak=</latexit>

�, �
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Question: mathematically, how can we describe that 
an epidemic is ongoing?
Answer: by saying that the number of infected is 
increasing, i.e., that

We now derive a condition for when this is true, which 
depends on the number of susceptible individuals and     .<latexit sha1_base64="jAbbZKBLqChkKEwaC+F0Sqlrea4=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RiXLJAMoadTkzTp6Rm6e4Qw5BO8eFDEq1/kzb+xk8xBow8KHu9VUVUvSATXxnW/nMLS8srqWnG9tLG5tb1T3t1r6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WDGSfoR3QgecgZNVa6v+u5vXLFrbozkL/Ey0kFctR75c9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TIKn0SxsqWNGSm/pzIaKT1OApsZ0TNUC96U/E/r5Oa8NLPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3z5L2meVL3z6tntaaV2lcdRhAM4hGPw4AJqcAN1aACDATzBC7w6wnl23pz3eWvByWf24Recj2/TeY2D</latexit>

R0



When is ?
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In the SIR model, the number of infected grows as



When is ?

In the SIR model, the number of infected grows as

<latexit sha1_base64="moXv2zpq07uUVokFjXMHD64bc58=">AAACHHicbVDLSsNAFJ34rPVVdelmsAiCWBLfG6HoRjeiaFVoSriZTurgTBJmboQS+iFu/BU3LhRx40Lwb5zULnwdGDiccy537glTKQy67oczNDwyOjZemihPTk3PzFbm5i9MkmnGGyyRib4KwXApYt5AgZJfpZqDCiW/DG8OCv/ylmsjkvgcuylvKejEIhIM0EpBZeMoyHHV69E1ehQg3aN+yBGoH2lg+VmAVuzlx4Xtd0ApKFJBperW3D7oX+INSJUMcBJU3vx2wjLFY2QSjGl6boqtHDQKJnmv7GeGp8BuoMOblsaguGnl/eN6dNkqbRol2r4YaV/9PpGDMqarQptUgNfmt1eI/3nNDKPdVi7iNEMes69FUSYpJrRoiraF5gxl1xJgWti/UnYNthe0fZZtCd7vk/+Si/Wat13bOt2s1vcHdZTIIlkiK8QjO6RODskJaRBG7sgDeSLPzr3z6Lw4r1/RIWcws0B+wHn/BGWqn8E=</latexit>

It+1 � It = �
StIt
N

� �It

so subtracting    from both sides gives .

.

<latexit sha1_base64="XI1uTDybDlUcbOSUY5QPVychc1Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi94imgckS5idzCZDZmeXmV4hLPkELx4U8eoXefNvnCR70GhBQ1HVTXdXkEhh0HW/nMLS8srqWnG9tLG5tb1T3t1rmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9ci1EbF6wHHC/YgOlAgFo2il+9se9soVt+rOQP4SLycVyFHvlT+7/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUKOrNInYaxtKSQz9edERiNjxlFgOyOKQ7PoTcX/vE6K4aWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb78lzRPqt559ezutFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d6Tw7b877vLXg5DP78AvOxzcs4o2+</latexit>

It



When is ?

In the SIR model, the number of infected grows as

<latexit sha1_base64="moXv2zpq07uUVokFjXMHD64bc58=">AAACHHicbVDLSsNAFJ34rPVVdelmsAiCWBLfG6HoRjeiaFVoSriZTurgTBJmboQS+iFu/BU3LhRx40Lwb5zULnwdGDiccy537glTKQy67oczNDwyOjZemihPTk3PzFbm5i9MkmnGGyyRib4KwXApYt5AgZJfpZqDCiW/DG8OCv/ylmsjkvgcuylvKejEIhIM0EpBZeMoyHHV69E1ehQg3aN+yBGoH2lg+VmAVuzlx4Xtd0ApKFJBperW3D7oX+INSJUMcBJU3vx2wjLFY2QSjGl6boqtHDQKJnmv7GeGp8BuoMOblsaguGnl/eN6dNkqbRol2r4YaV/9PpGDMqarQptUgNfmt1eI/3nNDKPdVi7iNEMes69FUSYpJrRoiraF5gxl1xJgWti/UnYNthe0fZZtCd7vk/+Si/Wat13bOt2s1vcHdZTIIlkiK8QjO6RODskJaRBG7sgDeSLPzr3z6Lw4r1/RIWcws0B+wHn/BGWqn8E=</latexit>

It+1 � It = �
StIt
N

� �It

so subtracting    from both sides gives 

This is positive when
<latexit sha1_base64="yy+W0nSvrIC5XUtXszqCbAqISnM=">AAACDXicbVA9SwNBEN3zM8avU0ubxShYhTvxqxLRRhuJaDSQC8fcZi8u7t4du3NCOPIHbPwrNhaK2Nrb+W/cxBRqfDDweG+GmXlRJoVBz/t0xsYnJqemSzPl2bn5hUV3afnKpLlmvM5SmepGBIZLkfA6CpS8kWkOKpL8Oro97vvXd1wbkSaX2M14S0EnEbFggFYK3XUaRByBBrEGVlyEeBpirzjr0QMadEApoFYI3YpX9Qago8QfkgoZoha6H0E7ZbniCTIJxjR9L8NWARoFk7xXDnLDM2C30OFNSxNQ3LSKwTc9umGVNo1TbStBOlB/ThSgjOmqyHYqwBvz1+uL/3nNHOP9ViGSLEeesO9FcS4pprQfDW0LzRnKriXAtLC3UnYDNhe0AZZtCP7fl0fJ1VbV363unG9XDo+GcZTIKlkjm8Qne+SQnJAaqRNG7skjeSYvzoPz5Lw6b9+tY85wZoX8gvP+BQBimuY=</latexit>

�
StIt
N

> �It

.

.

.

<latexit sha1_base64="XI1uTDybDlUcbOSUY5QPVychc1Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi94imgckS5idzCZDZmeXmV4hLPkELx4U8eoXefNvnCR70GhBQ1HVTXdXkEhh0HW/nMLS8srqWnG9tLG5tb1T3t1rmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9ci1EbF6wHHC/YgOlAgFo2il+9se9soVt+rOQP4SLycVyFHvlT+7/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUKOrNInYaxtKSQz9edERiNjxlFgOyOKQ7PoTcX/vE6K4aWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb78lzRPqt559ezutFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d6Tw7b877vLXg5DP78AvOxzcs4o2+</latexit>

It



When is ?

In the SIR model, the number of infected grows as

<latexit sha1_base64="moXv2zpq07uUVokFjXMHD64bc58=">AAACHHicbVDLSsNAFJ34rPVVdelmsAiCWBLfG6HoRjeiaFVoSriZTurgTBJmboQS+iFu/BU3LhRx40Lwb5zULnwdGDiccy537glTKQy67oczNDwyOjZemihPTk3PzFbm5i9MkmnGGyyRib4KwXApYt5AgZJfpZqDCiW/DG8OCv/ylmsjkvgcuylvKejEIhIM0EpBZeMoyHHV69E1ehQg3aN+yBGoH2lg+VmAVuzlx4Xtd0ApKFJBperW3D7oX+INSJUMcBJU3vx2wjLFY2QSjGl6boqtHDQKJnmv7GeGp8BuoMOblsaguGnl/eN6dNkqbRol2r4YaV/9PpGDMqarQptUgNfmt1eI/3nNDKPdVi7iNEMes69FUSYpJrRoiraF5gxl1xJgWti/UnYNthe0fZZtCd7vk/+Si/Wat13bOt2s1vcHdZTIIlkiK8QjO6RODskJaRBG7sgDeSLPzr3z6Lw4r1/RIWcws0B+wHn/BGWqn8E=</latexit>

It+1 � It = �
StIt
N

� �It

so subtracting    from both sides gives 

This is positive when
<latexit sha1_base64="yy+W0nSvrIC5XUtXszqCbAqISnM=">AAACDXicbVA9SwNBEN3zM8avU0ubxShYhTvxqxLRRhuJaDSQC8fcZi8u7t4du3NCOPIHbPwrNhaK2Nrb+W/cxBRqfDDweG+GmXlRJoVBz/t0xsYnJqemSzPl2bn5hUV3afnKpLlmvM5SmepGBIZLkfA6CpS8kWkOKpL8Oro97vvXd1wbkSaX2M14S0EnEbFggFYK3XUaRByBBrEGVlyEeBpirzjr0QMadEApoFYI3YpX9Qago8QfkgoZoha6H0E7ZbniCTIJxjR9L8NWARoFk7xXDnLDM2C30OFNSxNQ3LSKwTc9umGVNo1TbStBOlB/ThSgjOmqyHYqwBvz1+uL/3nNHOP9ViGSLEeesO9FcS4pprQfDW0LzRnKriXAtLC3UnYDNhe0AZZtCP7fl0fJ1VbV363unG9XDo+GcZTIKlkjm8Qne+SQnJAaqRNG7skjeSYvzoPz5Lw6b9+tY85wZoX8gvP+BQBimuY=</latexit>

�
StIt
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> �It

.

.

.

<latexit sha1_base64="XI1uTDybDlUcbOSUY5QPVychc1Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi94imgckS5idzCZDZmeXmV4hLPkELx4U8eoXefNvnCR70GhBQ1HVTXdXkEhh0HW/nMLS8srqWnG9tLG5tb1T3t1rmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9ci1EbF6wHHC/YgOlAgFo2il+9se9soVt+rOQP4SLycVyFHvlT+7/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUKOrNInYaxtKSQz9edERiNjxlFgOyOKQ7PoTcX/vE6K4aWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb78lzRPqt559ezutFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d6Tw7b877vLXg5DP78AvOxzcs4o2+</latexit>

It

<latexit sha1_base64="KyHAWxANTMyqV9Q7x6BJPccuw5k=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi94imIckS5idzCZDZmeXmV4hLPkKLx4U8ernePNvnCR70GhBQ1HVTXdXkEhh0HW/nMLS8srqWnG9tLG5tb1T3t1rmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9ci1EbG6x3HC/YgOlAgFo2ilh27AkZLbHvbKFbfqzkD+Ei8nFchR75U/u/2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342O3hCjqzSJ2GsbSkkM/XnREYjY8ZRYDsjikOz6E3F/7xOiuGlnwmVpMgVmy8KU0kwJtPvSV9ozlCOLaFMC3srYUOqKUObUcmG4C2+/Jc0T6reefXs7rRSu8rjKMIBHMIxeHABNbiBOjSAQQRP8AKvjnaenTfnfd5acPKZffgF5+MbQyCQEg==</latexit>

�ItDividing both sides by and multiplying by  gives<latexit sha1_base64="Myr3Kcmiy/fK9XQuulchFknRygM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiydJwDwgWcLspJOMmZ1dZmaFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGt1O/+YRK80g+mHGMfkgHkvc5o8ZKtftuseSW3RnIMvEyUoIM1W7xq9OLWBKiNExQrdueGxs/pcpwJnBS6CQaY8pGdIBtSyUNUfvp7NAJObFKj/QjZUsaMlN/T6Q01HocBrYzpGaoF72p+J/XTkz/2k+5jBODks0X9RNBTESmX5MeV8iMGFtCmeL2VsKGVFFmbDYFG4K3+PIyaZyVvcvyRe28VLnJ4sjDERzDKXhwBRW4gyrUgQHCM7zCm/PovDjvzse8NedkM4fwB87nD6nRjNw=</latexit>
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What does this result imply for vaccination or 
other prevention strategies?



What does this result imply for vaccination or 
other prevention strategies?

As long as there are sufficiently many susceptible people 
left in the population compared to     , an epidemic will 
start. Vaccination reduces the number of susceptible, 
other interventions (mask mandates, …) reduce      .

<latexit sha1_base64="jAbbZKBLqChkKEwaC+F0Sqlrea4=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RiXLJAMoadTkzTp6Rm6e4Qw5BO8eFDEq1/kzb+xk8xBow8KHu9VUVUvSATXxnW/nMLS8srqWnG9tLG5tb1T3t1r6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WDGSfoR3QgecgZNVa6v+u5vXLFrbozkL/Ey0kFctR75c9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TIKn0SxsqWNGSm/pzIaKT1OApsZ0TNUC96U/E/r5Oa8NLPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3z5L2meVL3z6tntaaV2lcdRhAM4hGPw4AJqcAN1aACDATzBC7w6wnl23pz3eWvByWf24Recj2/TeY2D</latexit>

R0

<latexit sha1_base64="jAbbZKBLqChkKEwaC+F0Sqlrea4=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RiXLJAMoadTkzTp6Rm6e4Qw5BO8eFDEq1/kzb+xk8xBow8KHu9VUVUvSATXxnW/nMLS8srqWnG9tLG5tb1T3t1r6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WDGSfoR3QgecgZNVa6v+u5vXLFrbozkL/Ey0kFctR75c9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TIKn0SxsqWNGSm/pzIaKT1OApsZ0TNUC96U/E/r5Oa8NLPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3z5L2meVL3z6tntaaV2lcdRhAM4hGPw4AJqcAN1aACDATzBC7w6wnl23pz3eWvByWf24Recj2/TeY2D</latexit>

R0



What does this result imply for vaccination or 
other prevention strategies?

As long as there are sufficiently many susceptible people 
left in the population compared to     , an epidemic will 
start. Vaccination reduces the number of susceptible, 
and other interventions (mask mandates, …) reduce      .

<latexit sha1_base64="jAbbZKBLqChkKEwaC+F0Sqlrea4=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RiXLJAMoadTkzTp6Rm6e4Qw5BO8eFDEq1/kzb+xk8xBow8KHu9VUVUvSATXxnW/nMLS8srqWnG9tLG5tb1T3t1r6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WDGSfoR3QgecgZNVa6v+u5vXLFrbozkL/Ey0kFctR75c9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TIKn0SxsqWNGSm/pzIaKT1OApsZ0TNUC96U/E/r5Oa8NLPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3z5L2meVL3z6tntaaV2lcdRhAM4hGPw4AJqcAN1aACDATzBC7w6wnl23pz3eWvByWf24Recj2/TeY2D</latexit>

R0

<latexit sha1_base64="jAbbZKBLqChkKEwaC+F0Sqlrea4=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RiXLJAMoadTkzTp6Rm6e4Qw5BO8eFDEq1/kzb+xk8xBow8KHu9VUVUvSATXxnW/nMLS8srqWnG9tLG5tb1T3t1r6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WDGSfoR3QgecgZNVa6v+u5vXLFrbozkL/Ey0kFctR75c9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TIKn0SxsqWNGSm/pzIaKT1OApsZ0TNUC96U/E/r5Oa8NLPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3z5L2meVL3z6tntaaV2lcdRhAM4hGPw4AJqcAN1aACDATzBC7w6wnl23pz3eWvByWf24Recj2/TeY2D</latexit>

R0



What is the cutoff value where the epidemic starts?



Endemic steady state: the infection level is neither 
growing nor declining

What is the cutoff value where the epidemic starts?

<latexit sha1_base64="eH5PHCg29YsIJbWdFv1nk/D2w5g=">AAAB9HicbVDJSgNBEK1xjXGLevTSGARBCDPidhGCXswtglkgGYaeTidp0rPYXRMIQ77DiwdFvPox3vwbO8kcNPFBweO9Kqrq+bEUGm3721paXlldW89t5De3tnd2C3v7dR0livEai2Skmj7VXIqQ11Cg5M1YcRr4kjf8wd3Ebwy50iIKH3EUczegvVB0BaNoJLfipXjqjMkNqXjoFYp2yZ6CLBInI0XIUPUKX+1OxJKAh8gk1brl2DG6KVUomOTjfDvRPKZsQHu8ZWhIA67ddHr0mBwbpUO6kTIVIpmqvydSGmg9CnzTGVDs63lvIv7ntRLsXrupCOMEechmi7qJJBiRSQKkIxRnKEeGUKaEuZWwPlWUockpb0Jw5l9eJPWzknNZung4L5ZvszhycAhHcAIOXEEZ7qEKNWDwBM/wCm/W0Hqx3q2PWeuSlc0cwB9Ynz8lzpEP</latexit>

It+1 = It .



Endemic steady state: the infection level is neither 
growing nor declining

What is the cutoff value where the epidemic starts?

<latexit sha1_base64="eH5PHCg29YsIJbWdFv1nk/D2w5g=">AAAB9HicbVDJSgNBEK1xjXGLevTSGARBCDPidhGCXswtglkgGYaeTidp0rPYXRMIQ77DiwdFvPox3vwbO8kcNPFBweO9Kqrq+bEUGm3721paXlldW89t5De3tnd2C3v7dR0livEai2Skmj7VXIqQ11Cg5M1YcRr4kjf8wd3Ebwy50iIKH3EUczegvVB0BaNoJLfipXjqjMkNqXjoFYp2yZ6CLBInI0XIUPUKX+1OxJKAh8gk1brl2DG6KVUomOTjfDvRPKZsQHu8ZWhIA67ddHr0mBwbpUO6kTIVIpmqvydSGmg9CnzTGVDs63lvIv7ntRLsXrupCOMEechmi7qJJBiRSQKkIxRnKEeGUKaEuZWwPlWUockpb0Jw5l9eJPWzknNZung4L5ZvszhycAhHcAIOXEEZ7qEKNWDwBM/wCm/W0Hqx3q2PWeuSlc0cwB9Ynz8lzpEP</latexit>

It+1 = It

In the SIR model, the number of infected grows as

.



Endemic steady state: the infection level is neither 
growing nor declining

What is the cutoff value where the epidemic starts?

<latexit sha1_base64="eH5PHCg29YsIJbWdFv1nk/D2w5g=">AAAB9HicbVDJSgNBEK1xjXGLevTSGARBCDPidhGCXswtglkgGYaeTidp0rPYXRMIQ77DiwdFvPox3vwbO8kcNPFBweO9Kqrq+bEUGm3721paXlldW89t5De3tnd2C3v7dR0livEai2Skmj7VXIqQ11Cg5M1YcRr4kjf8wd3Ebwy50iIKH3EUczegvVB0BaNoJLfipXjqjMkNqXjoFYp2yZ6CLBInI0XIUPUKX+1OxJKAh8gk1brl2DG6KVUomOTjfDvRPKZsQHu8ZWhIA67ddHr0mBwbpUO6kTIVIpmqvydSGmg9CnzTGVDs63lvIv7ntRLsXrupCOMEechmi7qJJBiRSQKkIxRnKEeGUKaEuZWwPlWUockpb0Jw5l9eJPWzknNZung4L5ZvszhycAhHcAIOXEEZ7qEKNWDwBM/wCm/W0Hqx3q2PWeuSlc0cwB9Ynz8lzpEP</latexit>

It+1 = It

In the SIR model, the number of infected grows as

.

<latexit sha1_base64="eH5PHCg29YsIJbWdFv1nk/D2w5g=">AAAB9HicbVDJSgNBEK1xjXGLevTSGARBCDPidhGCXswtglkgGYaeTidp0rPYXRMIQ77DiwdFvPox3vwbO8kcNPFBweO9Kqrq+bEUGm3721paXlldW89t5De3tnd2C3v7dR0livEai2Skmj7VXIqQ11Cg5M1YcRr4kjf8wd3Ebwy50iIKH3EUczegvVB0BaNoJLfipXjqjMkNqXjoFYp2yZ6CLBInI0XIUPUKX+1OxJKAh8gk1brl2DG6KVUomOTjfDvRPKZsQHu8ZWhIA67ddHr0mBwbpUO6kTIVIpmqvydSGmg9CnzTGVDs63lvIv7ntRLsXrupCOMEechmi7qJJBiRSQKkIxRnKEeGUKaEuZWwPlWUockpb0Jw5l9eJPWzknNZung4L5ZvszhycAhHcAIOXEEZ7qEKNWDwBM/wCm/W0Hqx3q2PWeuSlc0cwB9Ynz8lzpEP</latexit>

It+1 = Itso when
<latexit sha1_base64="FBlMv71yKspufwQYKqLGANXADqk=">AAACDnicbVA9SwNBEN2L3/ErammzGASrcCd+NYJoo41ENCrkwjG32UuW7N4du3NCOPILbPwrNhaK2Frb+W/cfBSa+GDg8d4MM/PCVAqDrvvtFKamZ2bn5heKi0vLK6ultfVbk2Sa8RpLZKLvQzBcipjXUKDk96nmoELJ78LOWd+/e+DaiCS+wW7KGwpasYgEA7RSUNr2Q45A/UgDy68DvAiwl1/26DH1W6AUUCvQSlAquxV3ADpJvBEpkxGqQenLbyYsUzxGJsGYuuem2MhBo2CS94p+ZngKrAMtXrc0BsVNIx+806PbVmnSKNG2YqQD9fdEDsqYrgptpwJsm3GvL/7n1TOMjhq5iNMMecyGi6JMUkxoPxvaFJozlF1LgGlhb6WsDTYZtAkWbQje+MuT5Ha34h1U9q/2yienozjmySbZIjvEI4fkhJyTKqkRRh7JM3klb86T8+K8Ox/D1oIzmtkgf+B8/gB+5Jsd</latexit>
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Endemic steady state: the infection level is neither 
growing nor declining

What is the cutoff value where the epidemic starts?

<latexit sha1_base64="eH5PHCg29YsIJbWdFv1nk/D2w5g=">AAAB9HicbVDJSgNBEK1xjXGLevTSGARBCDPidhGCXswtglkgGYaeTidp0rPYXRMIQ77DiwdFvPox3vwbO8kcNPFBweO9Kqrq+bEUGm3721paXlldW89t5De3tnd2C3v7dR0livEai2Skmj7VXIqQ11Cg5M1YcRr4kjf8wd3Ebwy50iIKH3EUczegvVB0BaNoJLfipXjqjMkNqXjoFYp2yZ6CLBInI0XIUPUKX+1OxJKAh8gk1brl2DG6KVUomOTjfDvRPKZsQHu8ZWhIA67ddHr0mBwbpUO6kTIVIpmqvydSGmg9CnzTGVDs63lvIv7ntRLsXrupCOMEechmi7qJJBiRSQKkIxRnKEeGUKaEuZWwPlWUockpb0Jw5l9eJPWzknNZung4L5ZvszhycAhHcAIOXEEZ7qEKNWDwBM/wCm/W0Hqx3q2PWeuSlc0cwB9Ynz8lzpEP</latexit>

It+1 = It

In the SIR model, the number of infected grows as

.

<latexit sha1_base64="eH5PHCg29YsIJbWdFv1nk/D2w5g=">AAAB9HicbVDJSgNBEK1xjXGLevTSGARBCDPidhGCXswtglkgGYaeTidp0rPYXRMIQ77DiwdFvPox3vwbO8kcNPFBweO9Kqrq+bEUGm3721paXlldW89t5De3tnd2C3v7dR0livEai2Skmj7VXIqQ11Cg5M1YcRr4kjf8wd3Ebwy50iIKH3EUczegvVB0BaNoJLfipXjqjMkNqXjoFYp2yZ6CLBInI0XIUPUKX+1OxJKAh8gk1brl2DG6KVUomOTjfDvRPKZsQHu8ZWhIA67ddHr0mBwbpUO6kTIVIpmqvydSGmg9CnzTGVDs63lvIv7ntRLsXrupCOMEechmi7qJJBiRSQKkIxRnKEeGUKaEuZWwPlWUockpb0Jw5l9eJPWzknNZung4L5ZvszhycAhHcAIOXEEZ7qEKNWDwBM/wCm/W0Hqx3q2PWeuSlc0cwB9Ynz8lzpEP</latexit>

It+1 = Itso when
<latexit sha1_base64="FBlMv71yKspufwQYKqLGANXADqk=">AAACDnicbVA9SwNBEN2L3/ErammzGASrcCd+NYJoo41ENCrkwjG32UuW7N4du3NCOPILbPwrNhaK2Frb+W/cfBSa+GDg8d4MM/PCVAqDrvvtFKamZ2bn5heKi0vLK6ultfVbk2Sa8RpLZKLvQzBcipjXUKDk96nmoELJ78LOWd+/e+DaiCS+wW7KGwpasYgEA7RSUNr2Q45A/UgDy68DvAiwl1/26DH1W6AUUCvQSlAquxV3ADpJvBEpkxGqQenLbyYsUzxGJsGYuuem2MhBo2CS94p+ZngKrAMtXrc0BsVNIx+806PbVmnSKNG2YqQD9fdEDsqYrgptpwJsm3GvL/7n1TOMjhq5iNMMecyGi6JMUkxoPxvaFJozlF1LgGlhb6WsDTYZtAkWbQje+MuT5Ha34h1U9q/2yienozjmySbZIjvEI4fkhJyTKqkRRh7JM3klb86T8+K8Ox/D1oIzmtkgf+B8/gB+5Jsd</latexit>

�
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N

= �It. Dividing by       gives  <latexit sha1_base64="xs9mOM1h4JYJ5QUC6BbMoRf2038=">AAAB8nicbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx60VsEs8BkCD2dTtKkl6G7RghDPsOLB0W8+jXe/Bs7yRw08UHB470qqurFieAWfP/bK6ysrq1vFDdLW9s7u3vl/YOm1amhrEG10KYdE8sEV6wBHARrJ4YRGQvWike3U7/1xIzlWj3COGGRJAPF+5wScFLYGRApCb7vAu6WK37VnwEvkyAnFZSj3i1/dXqappIpoIJYGwZ+AlFGDHAq2KTUSS1LCB2RAQsdVUQyG2Wzkyf4xCk93NfGlQI8U39PZERaO5ax65QEhnbRm4r/eWEK/eso4ypJgSk6X9RPBQaNp//jHjeMghg7Qqjh7lZMh8QQCi6lkgshWHx5mTTPqsFl9eLhvFK7yeMooiN0jE5RgK5QDd2hOmogijR6Rq/ozQPvxXv3PuatBS+fOUR/4H3+AGDqkK0=</latexit>

�It



Endemic steady state: the infection level is neither 
growing nor declining

What is the cutoff value where the epidemic starts?

<latexit sha1_base64="eH5PHCg29YsIJbWdFv1nk/D2w5g=">AAAB9HicbVDJSgNBEK1xjXGLevTSGARBCDPidhGCXswtglkgGYaeTidp0rPYXRMIQ77DiwdFvPox3vwbO8kcNPFBweO9Kqrq+bEUGm3721paXlldW89t5De3tnd2C3v7dR0livEai2Skmj7VXIqQ11Cg5M1YcRr4kjf8wd3Ebwy50iIKH3EUczegvVB0BaNoJLfipXjqjMkNqXjoFYp2yZ6CLBInI0XIUPUKX+1OxJKAh8gk1brl2DG6KVUomOTjfDvRPKZsQHu8ZWhIA67ddHr0mBwbpUO6kTIVIpmqvydSGmg9CnzTGVDs63lvIv7ntRLsXrupCOMEechmi7qJJBiRSQKkIxRnKEeGUKaEuZWwPlWUockpb0Jw5l9eJPWzknNZung4L5ZvszhycAhHcAIOXEEZ7qEKNWDwBM/wCm/W0Hqx3q2PWeuSlc0cwB9Ynz8lzpEP</latexit>

It+1 = It

In the SIR model, the number of infected grows as

.

<latexit sha1_base64="eH5PHCg29YsIJbWdFv1nk/D2w5g=">AAAB9HicbVDJSgNBEK1xjXGLevTSGARBCDPidhGCXswtglkgGYaeTidp0rPYXRMIQ77DiwdFvPox3vwbO8kcNPFBweO9Kqrq+bEUGm3721paXlldW89t5De3tnd2C3v7dR0livEai2Skmj7VXIqQ11Cg5M1YcRr4kjf8wd3Ebwy50iIKH3EUczegvVB0BaNoJLfipXjqjMkNqXjoFYp2yZ6CLBInI0XIUPUKX+1OxJKAh8gk1brl2DG6KVUomOTjfDvRPKZsQHu8ZWhIA67ddHr0mBwbpUO6kTIVIpmqvydSGmg9CnzTGVDs63lvIv7ntRLsXrupCOMEechmi7qJJBiRSQKkIxRnKEeGUKaEuZWwPlWUockpb0Jw5l9eJPWzknNZung4L5ZvszhycAhHcAIOXEEZ7qEKNWDwBM/wCm/W0Hqx3q2PWeuSlc0cwB9Ynz8lzpEP</latexit>

It+1 = Itso when
<latexit sha1_base64="FBlMv71yKspufwQYKqLGANXADqk=">AAACDnicbVA9SwNBEN2L3/ErammzGASrcCd+NYJoo41ENCrkwjG32UuW7N4du3NCOPILbPwrNhaK2Frb+W/cfBSa+GDg8d4MM/PCVAqDrvvtFKamZ2bn5heKi0vLK6ultfVbk2Sa8RpLZKLvQzBcipjXUKDk96nmoELJ78LOWd+/e+DaiCS+wW7KGwpasYgEA7RSUNr2Q45A/UgDy68DvAiwl1/26DH1W6AUUCvQSlAquxV3ADpJvBEpkxGqQenLbyYsUzxGJsGYuuem2MhBo2CS94p+ZngKrAMtXrc0BsVNIx+806PbVmnSKNG2YqQD9fdEDsqYrgptpwJsm3GvL/7n1TOMjhq5iNMMecyGi6JMUkxoPxvaFJozlF1LgGlhb6WsDTYZtAkWbQje+MuT5Ha34h1U9q/2yienozjmySbZIjvEI4fkhJyTKqkRRh7JM3klb86T8+K8Ox/D1oIzmtkgf+B8/gB+5Jsd</latexit>

�
StIt
N

= �It. Dividing by       gives  <latexit sha1_base64="xs9mOM1h4JYJ5QUC6BbMoRf2038=">AAAB8nicbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx60VsEs8BkCD2dTtKkl6G7RghDPsOLB0W8+jXe/Bs7yRw08UHB470qqurFieAWfP/bK6ysrq1vFDdLW9s7u3vl/YOm1amhrEG10KYdE8sEV6wBHARrJ4YRGQvWike3U7/1xIzlWj3COGGRJAPF+5wScFLYGRApCb7vAu6WK37VnwEvkyAnFZSj3i1/dXqappIpoIJYGwZ+AlFGDHAq2KTUSS1LCB2RAQsdVUQyG2Wzkyf4xCk93NfGlQI8U39PZERaO5ax65QEhnbRm4r/eWEK/eso4ypJgSk6X9RPBQaNp//jHjeMghg7Qqjh7lZMh8QQCi6lkgshWHx5mTTPqsFl9eLhvFK7yeMooiN0jE5RgK5QDd2hOmogijR6Rq/ozQPvxXv3PuatBS+fOUR/4H3+AGDqkK0=</latexit>
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    : the critical proportion of the population needed to 
be immune to stop the transmission of disease, which 
is also known as the herd immunity threshold (HIT).

which means that
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1� pc =
1

R0
.

Rearranging the terms gives





When the proportion of the population that is immune 
is larger than the herd immunity threshold

the number of infections would gradually decrease



If herd immunity has been established and 
maintained in a population for a sufficient time, 
the disease is inevitably eliminated  – no more 
endemic transmissions occur. If elimination is 
achieved worldwide and the number of cases is 
permanently reduced to zero, then a disease 
can be declared eradicated.

To date, rinderpest  and  smallpox have been 
eradicated using herd immunity and vaccination. 
Eradication efforts that rely on herd immunity are 
currently underway for polio.



SIRD model

The SIRD model separates recovered and deceased into 
their own compartments: 
S: Susceptible 
I: Infected 
R: Recovered 
D: Deceased

susceptible infected recovered

deceased
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SIR model with vaccination

The vaccination rate ( ) moves susceptible people into the 
removed group.
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susceptible infected removed
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SIR model for misinformation

The SIR model can also be used to model the spread of 
epidemics which are not biological in nature. One 
example is the spread of misinformation and conspiracy 
theories on social media. 



SIR model for misinformation

The SIR model can also be used to model the spread of 
epidemics which are not biological in nature. One 
example is the spread of misinformation and conspiracy 
theories on social media. 
 now represents the number of people who believe a 

given conspiracy theory,  the people who are 
susceptible to believing it and  those who have realized 
it is not correct.
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SIR model for misinformation

The SIR model can also be used to model the spread of 
epidemics which are not biological in nature. One 
example is the spread of misinformation and conspiracy 
theories on social media. 
 now represents the number of people who believe a 

given conspiracy theory,  the people who are 
susceptible to believing it and  those who have realized 
it is not correct.
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People who believe the conspiracy theory tend to spread 
it to others so we could expect the SIR model to be a 
good model.



SIR model for misinformation

Example: 5G and COVID-19 on Twitter (from Kauk 2021).



SIR model for misinformation

Example: 5G and COVID-19 on Twitter (from Kauk 2021).
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