Game Theory - Part 3

April 3, 2025



Recap question:
April 3, 2025

You are player A in the game described by the following
payoff matrix. What are the Nash equilibria of the game?

Player B

Strategy 1 Strategy 2

Strategy 1 | (2,1) | (1,0)
Strategy 2 | (1,0) | (-3,1)

Player A



Top

Recap question:

right: no, because player B would want to

change to strategy 1.

Bottom right: no, because player A would want to
change to strategy 1.

Bottom left: no, because player A would want to
change to strategy 1.

Top
neit
kee

left: this Is a Nash equilibrium because
ner player would want to change, if the other
0s their choice fixed.

Strategy 1 Strategy 2
Strategy 1 | (2,1) | (1,0)
Strategy 2 | (1,0) | (-3,1)




Game Theory - Part 3

April 3, 2025

By the end of this lecture, you will be able to:

1. Define pure and mixed strategies
2. Find Nash equilibria of mixed strategies
3. Explain Braess's paradox



Mixed strategies

So far, all the strategies we have seen have been
pure strategies, where we make up our mind and
choose one strategy.



Mixed strategies

So far, all the strategies we have seen have been
pure strategies, where we make up our mind and
choose one strategy.

A mixed strategy is a mixture of several
strategies, where each strategy Is selected with
some probability, in every round of the game. The
sum of these probabilities is one for any mixed
strategy.



Mixed strategies
Player one may have pure strategies a1 and a2 and

a mixed strategy 0.3a; + 0.7as . This means that, In
the mixed strateqgy, player 1 selects the pure strategy

a1 with probability 0.3 and the pure strategy as with
probability 0.7.




Mixed strategies

Player one may have pure strategies a1 and a2 and

a mixed strategy 0.3a; + 0.7a5 . This means t
the mixed strategy, player 1 selects the pure st

nat, In

rategy

a1 with probability 0.3 and the pure strategy as with

probability 0.7.

The average rewards we expect when playing the
game many times are computed as a weighted
average over the rewards of the pure strategies.



Mixed strategies

player 2
Confess Deny
Confess | (-5,-5) | (0,-10)
Deny | (-10,0) | (-2, -2)

Player 1

Player 1 uses a strategy wherein she denies
with probability 0.3 and confesses with
probability 0.7.



Mixed strategies

player 2
Confess Deny
Confess | (-5,-5) | (0,-10)
Deny | (-10,0) | (-2, -2)

Player 1

Player 1 uses a strategy wherein she denies
with probability 0.3 and confesses with
probability 0.7.

Rewards:

Player 1 mixed, player 2 confesses ().7 X (_5) + 0.3 X (_10) — —6.5
Player 1 mixed, player 2 denies 0.7 x 0+ 0.3 x (—2) = —0.6




Mixed strategies

There always exist mixed-strategy Nash equilibrial
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Introduction

Von Neumann and Morgenstern have developed a very fruitful theory of
two-person zero-sum games in their book Theory of Games and Economic Be-
havior. This book also contains a theory of n-person games of a type which
we would call cooperative. This theory is based on an analysis of the interrela-
tionships of the various coalitions which can be formed by the players of the
game.



Mixed-strategy Nash equilibrium

How do mixed-strategy Nash equilibria arise In
real life”?




One segment of a commute to Princeton:
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Travel time In minutes
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Travel time In minutes

Home

Parts of the routes are congested and the

travel time depends or

™ Princeton

"
3
y 20

how many cars pick

the route. T'p pick bl

ue and 1 pick red



Home % Princeton

How many cars will choose the red route”
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Let's play a game!



Home % Princeton
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Show of hands, how many pick blue
and how many pick red?



Home % Princeton
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Do you want to change your route”



Home % Princeton
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120+ TR/3 < T +20

What happens?



Home % Princeton
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20+ Tr/3 < Tg + 20

T'» should Increase until the travel times
are equal



Home % Princeton
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Butit20+ I'R/3 > I +20

T Should decrease until the travel times
are equal



Home % Princeton

TB
At equilibrium,

20 + TR/3 =15 + 20
Tpr = STB



Home % Princeton

1'p
At equilibrium,
20 + TR/3 =15 + 20

Th =315
l.e., 3/4 of the drivers choose the red route.



Home % Princeton
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How can we ensure that 3/4 ot drivers
choose the red route (since each driver Is
allowed to make their own decision)?



Home % Princeton
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It you commute between these two points
every day, choose the red route with
orob. 3/4.



Home % Princeton

RS B
L - .
* ‘\ N
"I
® )
» o~
T | .\

It you commute between these two points
every day, then with prob. 3/4, choose the
red route.

You are playing with a mixed strategy!
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Every driver Is playing with a mixed
strategy with probabillities 0.75 and 0.25
for the two pure strategies!



Home % Princeton
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The two probabillities 0.75 and 0.25 for
the two pure strategies is a mixed-
strategy Nash equilibrium because no-
one wants to be the only one to change
their route!




Home Princeton

Next, we change the game slightly



Princeton




Home % Princeton

1'p
At the equilibrium...

20+TR: TB+20
I'r = 1p



Home % Princeton

If there are 20 cars In total, this means
that T» = 10 and T = 10.



Home % Princeton

Now, for both routes,
the travel time 1s 30 min
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Home % Princeton

Discussion: what will happen”



Discussion: what will happen®

4 routes: A-C-

3 A-

)-

3, A-C-

)-

3, A-

D-C-
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At this point, which route is more preferable?



More and more cars take route A-D-C-B, until the
new equilibrium is established, which is ...



All cars choose A-

-C-
mi

B and the travel time Is 40

nutes!



Walt... we added a new road,
and the travel time increases”



The mixed strategy Nash equilibrium
may not give an optimal choice |



This phenomenon is called Braess's paradox



Braess's paradox

Braess's paradox is the observation that
adding one or more roads to a road network
can slow down overall traffic flow through it.

n Stuttgart, Germany, investments were made
In 1969 to Improve roads to decrease
congestion. Congestion did not decrease until a
section of newly built road was closed for traffic
again.



https://en.wikipedia.org/wiki/Germany

osing of 42nd Street

n 1990 the temporary c
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In 2009, New York experimented with closures
of Broadway at Times Square and Herald Square, which
resulted in improved traffic flow and permanent
pedestrian plazas
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How to find Mixed-strategy Nash equilibrium ?

When there are two players:

e Step 1: Player 1 needs to identity the mixed
strategy that will make player 2's strategies
have equal payoft.

e Step 2: Player 2 needs to identity the mixed
strategy that will make player 1's strategies
have equal payoff.



Does the following game contain any pure-
strategy Nash equilibrium?

player 2
. b1 b
Q a1 | (4,7) | (-1, 8)
D_“_’ an (2, 4) (0, 3)




Does the following game contain any pure-
strategy Nash equilibrium?

player 2
. b1 b
Q a1 | (4,7) | (-1, 8)
D_“_’ an (2, 4) (0, 3)

Nol



We tind the mixed-strategy Nash equilibrium

player 2
b1 b
a1 | (4,7) | (-1, 8)
d? (2, 4) (O, 3)

Player 1

Step 1: We find the strategy for player 1.
Assume that player 1 plays strategy a; with
orobability p and a2 with probability 1 —p . We
compute the reward of player 2 if she uses
strategy b, and the reward of player 2 if she
uses strategy b .




We tind the mixed-strategy Nash equilibrium

player 2
_ bi b
q; a1 | (4,7) | (-1, 8)
£ an (2, 4) (O, 3)

f player 2 plays b1, reward is 7p
If player 2 plays by , reward is 8p

+3(1 — p)




We tind the mixed-strategy Nash equilibrium

player 2
_ bi b
q; a1 | (4,7) | (-1, 8)
£ an (2, 4) (O, 3)

We now equate the two rewards and solve forp.



We tind the mixed-strategy Nash equilibrium

player 2
_ bi b
q; a1 | (4,7) | (-1, 8)
£ an (2, 4) (O, 3)

We now equate the two rewards and solve forp.

It the two rewards are equal:

Ip+4=95p+3=p=0.5

This means that the strategy for player 1 in the Nash
equilibrium is pai + (1 — p)as = 0.5a; + 0.5as.



We tind the mixed-strategy Nash equilibrium

player 2
b1 b
a1 | (4,7) | (-1, 8)
d? (2, 4) (O, 3)

Player 1

Step 2: We find the strategy for player 2.
Assume that player 2 plays strategy b; with
orobability ¢ and by with probability 1 —q . We
compute the reward of player 1 it he uses
strategy a1 and the reward of player 1 it he uses
strategy as .



We tind the mixed-strategy Nash equilibrium

player 2
_ bi b
q; a1 | (4,7) | (-1, 8)
£ an (2, 4) (O, 3)

f player 1 plays a1, rewardis 4q — (1 —q) = 5qg — 1
f player 1 plays as, reward is 2q + 0(1 — q) = 2q



We tind the mixed-strategy Nash equilibrium

player 2
_ bi b
q; a1 | (4,7) | (-1, 8)
£ an (2, 4) (O, 3)

We now equate the two rewards and solve for q .

It the two rewards are equal:
5 —1=29=q=1/3
This means that the strategy for player 2 in the Nash

T - 1 2
equilibrium is gby + (1 — q)by = §b1 i gbz



Player 1

player 2

by 22 % 4 222
(4, 7) (-1, 8) (2/3, 23/3)
(2, 4) (0,3) | (2/3,10/3)

(3,55) | (05, 55) | (2/3,5.5)

Nash equilibrium




Player 1

player 2

by 22 % 4 222
(4, 7) (-1, 8) (2/3, 23/3)
(2, 4) (0,3) | (2/3,10/3)

(3,55) | (05, 55) | (2/3,5.5)

Nash equilibrium




