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Probability - Part 2

Jan. 30, 2025
By the end of this lecture, you will be able to: 
1. Use Bayes’ rule to compute the 

probability that you are infected with 
COVID, after getting a positive test result 

2. Compute the probability of getting  
heads when flipping  coins, using 
Pascal’s triangle 

3. Define the normal distribution 
4. Give examples of the central limit theorem

<latexit sha1_base64="22ayNhSfxXcShAAyfExNzJXubLY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1XOM+A==</latexit>

k
<latexit sha1_base64="kuvqsFNbjEvULVMnkk4XIG+iKgw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2f+M+w==</latexit>n
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Recap question:

Jan. 30, 2025
In which of these cases are the two events A,B 
independent? 
1. You draw two cards and throw away the first 

drawn card before drawing the second. A = 
the first is a queen, B = the second is a queen 

2. You draw two cards and put back the first one 
and shuffle the deck before drawing the 
second. A = the first is a queen, B = the 
second is a queen 

3. You flip 3 coins. A = the first is heads, B = the 
second is tails
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Recap question:

Jan. 30, 2025
In which of these cases are the two events A,B 
independent? 
1. Not independent! If we draw a queen in the 

first draw, the probability of drawing a queen 
in the second draw changes compared to if 
we don’t draw the first card 

2. Independent! If we put back the card and 
shuffle it (without cheating) then the first draw 
does not influence the second one 

3. Independent! The coin has no memory so the 
first flip does not influence the future
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Assume that 10% of the population is infected, 
and that you receive a positive result on your 
test. What is the probability that you are 
infected?

Example 1: Consider one COVID test with 84% 
sensitivity and 99% specificity. (I = infected, nI = 
not infected) 

P(test positive | I) = 0.84            True positive 
P(test negative | I) = 0.16           False negative 
P(test negative | nI) = 0.99         True negative 
P(test positive | nI) = 0.01           False positive
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Assume that 10% of the population is infected, 
and that you receive a positive result on your 
test. What is the probability that you are 
infected?

P(I | test positive)

Example 1: Consider one COVID test with 84% 
sensitivity and 99% specificity. (I = infected, nI = 
not infected) 

P(test positive | I) = 0.84            True positive 
P(test negative | I) = 0.16           False negative 
P(test negative | nI) = 0.99         True negative 
P(test positive | nI) = 0.01           False positive
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· · ·

10 infected

· · ·

90 not infected

Example 1: 
P(test positive | I) = 0.84            True positive 
P(test negative | I) = 0.16           False negative 
P(test negative | nI) = 0.99         True negative 
P(test positive | nI) = 0.01           False positive
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· · ·

10 infected

· · ·

90 not infected

1.6 0.9

Example 1: 
P(test positive | I) = 0.84            True positive 
P(test negative | I) = 0.16           False negative 
P(test negative | nI) = 0.99         True negative 
P(test positive | nI) = 0.01           False positive

· · ·

10 infected

· · ·

90 not infected
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· · ·

8.4 infected

0.9

Example 1: 
P(test positive | I) = 0.84            True positive 
P(test negative | I) = 0.16           False negative 
P(test negative | nI) = 0.99         True negative 
P(test positive | nI) = 0.01           False positive

· · ·

10 infected

· · ·

90 not infected

1.6 0.9

· · ·

10 infected

· · ·

90 not infected



· · ·

10 infected

· · ·

90 not infected
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Example 1: 
P(test positive | I) = 0.84            True positive 
P(test negative | I) = 0.16           False negative 
P(test negative | nI) = 0.99         True negative 
P(test positive | nI) = 0.01           False positive

· · ·

8.4 infected

0.9

· · ·

10 infected

· · ·

90 not infected

1.6 0.9

<latexit sha1_base64="qhTFLXE67neYFZMBTGuQNB7O4/8="></latexit>

P (I|test positive) = 8.4

8.4 + 0.9
⇡ 0.9
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Bayes’ rule
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Bayes’ rule
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Bayes’ rule

<latexit sha1_base64="Ioz9d0PwjBEQTVTRYHJRToOVggk="></latexit>

=
P (positive|I)P (I)

P (positive and I) + P (positive and not I)
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Bayes’ rule

<latexit sha1_base64="Ioz9d0PwjBEQTVTRYHJRToOVggk="></latexit>

=
P (positive|I)P (I)

P (positive and I) + P (positive and not I)

<latexit sha1_base64="0xu4T9RBqctoP33AF6iQ1Jc9v6E=">AAACCXicbVC7TgJBFJ3FF+ILtbSZSEygIbvGV2MC2FhiIo8ENmR2GGDC7Oxm5q6RrLQ2/oqNhcbY+gd2/o2zQKHgSW5ycs69ufceLxRcg21/W6ml5ZXVtfR6ZmNza3snu7tX10GkKKvRQASq6RHNBJesBhwEa4aKEd8TrOENrxK/cceU5oG8hVHIXJ/0Je9xSsBInSyu5su4DeweYkxkF49xpXBpxMpDuZB4hU42ZxftCfAicWYkh2aodrJf7W5AI59JoIJo3XLsENyYKOBUsHGmHWkWEjokfdYyVBKfaTeefDLGR0bp4l6gTEnAE/X3REx8rUe+Zzp9AgM97yXif14rgt6FG3MZRsAknS7qRQJDgJNYcJcrRkGMDCFUcXMrpgOiCAUTXsaE4My/vEjqx0XnrHh6c5IrVWZxpNEBOkR55KBzVELXqIpqiKJH9Ixe0Zv1ZL1Y79bHtDVlzWb20R9Ynz9KO5bk</latexit>

P (A and B) = P (B|A)P (A)
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Bayes’ rule

<latexit sha1_base64="Ioz9d0PwjBEQTVTRYHJRToOVggk="></latexit>

=
P (positive|I)P (I)

P (positive and I) + P (positive and not I)

<latexit sha1_base64="0xu4T9RBqctoP33AF6iQ1Jc9v6E=">AAACCXicbVC7TgJBFJ3FF+ILtbSZSEygIbvGV2MC2FhiIo8ENmR2GGDC7Oxm5q6RrLQ2/oqNhcbY+gd2/o2zQKHgSW5ycs69ufceLxRcg21/W6ml5ZXVtfR6ZmNza3snu7tX10GkKKvRQASq6RHNBJesBhwEa4aKEd8TrOENrxK/cceU5oG8hVHIXJ/0Je9xSsBInSyu5su4DeweYkxkF49xpXBpxMpDuZB4hU42ZxftCfAicWYkh2aodrJf7W5AI59JoIJo3XLsENyYKOBUsHGmHWkWEjokfdYyVBKfaTeefDLGR0bp4l6gTEnAE/X3REx8rUe+Zzp9AgM97yXif14rgt6FG3MZRsAknS7qRQJDgJNYcJcrRkGMDCFUcXMrpgOiCAUTXsaE4My/vEjqx0XnrHh6c5IrVWZxpNEBOkR55KBzVELXqIpqiKJH9Ixe0Zv1ZL1Y79bHtDVlzWb20R9Ynz9KO5bk</latexit>

P (A and B) = P (B|A)P (A)
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Bayes’ rule

<latexit sha1_base64="Ioz9d0PwjBEQTVTRYHJRToOVggk="></latexit>

=
P (positive|I)P (I)

P (positive and I) + P (positive and not I)
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Example 2: Monty Hall problem

1 2 3

Suppose you're on a game show, and you're given the 
choice of three doors: Behind one door is a car and 
behind the other doors is a goat. You pick a door, say 
No. 1, and the host, who knows what's behind the 
doors, opens another door, say No. 3, which has a 
goat behind. The host then says to you, "Do you want 
to pick door No. 2?" Is it to your advantage to switch 
your choice?
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Example 2: Monty Hall problem

1 2 3

# Goats # Cars Win 
probability

Stay 666446 333554 0.333

Switch 332870 667130 0.667

With 1 million trials:



20

Example 2: Monty Hall problem

1 2 3
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Example 2: Monty Hall problem

1 2 3

Switching wins the car 2/3 of the time!



22

The Normal Distribution
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What does the weight of penguins in 
Antarctica have to do with average 
SAT scores at NC high schools in 
2018? 



24

What does the weight of penguins in 
Antarctica have to do with average 
SAT scores at NC high schools in 
2018? 

Ainley et al Polar Biol (1998) 20: 311–319
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… how about heights in the US?
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https://commons.wikimedia.org/wiki/File:GaltonBoard.png

Galton board

https://commons.wikimedia.org/wiki/File:GaltonBoard.png
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https://www.youtube.com/watch?v=EvHiee7gs9Y
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For the rest of the class: explain where this 
phenomenon comes from, using coin tosses as 
example
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Suppose you toss a coin 100 times, and you 
count the number of heads obtained, what is 
the probability to get 60 heads?

<latexit sha1_base64="t9Q9LUJ92lHbT6VGs0D+6hoLvdY="></latexit>

P (A) =
# of outcomes in A

# of total possibilities
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Suppose you toss a coin 100 times, and you 
count the number of heads obtained, what is 
the probability to get 60 heads?

<latexit sha1_base64="t9Q9LUJ92lHbT6VGs0D+6hoLvdY="></latexit>

P (A) =
# of outcomes in A

# of total possibilities

?

Flipping 1 coins gives 2 possibilities



31

Suppose you toss a coin 100 times, and you 
count the number of heads obtained, what is 
the probability to get 60 heads?

<latexit sha1_base64="t9Q9LUJ92lHbT6VGs0D+6hoLvdY="></latexit>

P (A) =
# of outcomes in A

# of total possibilities

?

Flipping 2 coins gives  possibilities
<latexit sha1_base64="G4PrRLn8Dg2ph5WIxujaAL32wCY=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoF6EoBePEcwDkjXMTnqTIbOzy8ysEEI+wosHRbz6Pd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWalUeK+SaVHvFklt25yCrxMtICTLUe8Wvbj9maYTSMEG17nhuYvwJVYYzgdNCN9WYUDaiA+xYKmmE2p/Mz52SM6v0SRgrW9KQufp7YkIjrcdRYDsjaoZ62ZuJ/3md1IRX/oTLJDUo2WJRmApiYjL7nfS5QmbE2BLKFLe3EjakijJjEyrYELzll1dJs1L2LsrV+2qpdpPFkYcTOIVz8OASanAHdWgAgxE8wyu8OYnz4rw7H4vWnJPNHMMfOJ8/R/qOPA==</latexit>

22 = 4

Flipping 1 coins gives 2 possibilities
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Suppose you toss a coin 100 times, and you 
count the number of heads obtained, what is 
the probability to get 60 heads?

<latexit sha1_base64="t9Q9LUJ92lHbT6VGs0D+6hoLvdY="></latexit>

P (A) =
# of outcomes in A

# of total possibilities

?

Flipping 2 coins gives  possibilities
<latexit sha1_base64="G4PrRLn8Dg2ph5WIxujaAL32wCY=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoF6EoBePEcwDkjXMTnqTIbOzy8ysEEI+wosHRbz6Pd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWalUeK+SaVHvFklt25yCrxMtICTLUe8Wvbj9maYTSMEG17nhuYvwJVYYzgdNCN9WYUDaiA+xYKmmE2p/Mz52SM6v0SRgrW9KQufp7YkIjrcdRYDsjaoZ62ZuJ/3md1IRX/oTLJDUo2WJRmApiYjL7nfS5QmbE2BLKFLe3EjakijJjEyrYELzll1dJs1L2LsrV+2qpdpPFkYcTOIVz8OASanAHdWgAgxE8wyu8OYnz4rw7H4vWnJPNHMMfOJ8/R/qOPA==</latexit>

22 = 4

Flipping 1 coins gives 2 possibilities

<latexit sha1_base64="J3Zn6LPhorrZQUDu7FXxnKUFcaA=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCBZwuzsbDJmdmeZ6Q2EkH/w4kERr/6PN//GSbIHTSxoKKq66e4KUikMuu63s7K6tr6xWdgqbu/s7u2XDg4bRmWa8TpTUulWQA2XIuF1FCh5K9WcxoHkzWBwN/WbQ66NUMkjjlLux7SXiEgwilZqdIahQtMtld2KOwNZJl5OypCj1i19dULFspgnyCQ1pu25KfpjqlEwySfFTmZ4StmA9njb0oTG3Pjj2bUTcmqVkERK20qQzNTfE2MaGzOKA9sZU+ybRW8q/ue1M4xu/LFI0gx5wuaLokwSVGT6OgmF5gzlyBLKtLC3EtanmjK0ARVtCN7iy8ukcV7xriqXDxfl6m0eRwGO4QTOwINrqMI91KAODJ7gGV7hzVHOi/PufMxbV5x85gj+wPn8Ac6vj0w=</latexit>...
Flipping 100 coins gives  possibilities

<latexit sha1_base64="UHat+mqbf20soOu2tqrbeY5EeVQ=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGCeUCyhtlJbzJkdnaZmRXCko/w4kERr36PN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LBjBP0IzqQPOSMGiu1qo+Z57qTXqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezcCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9HfS5wqZEWNLKFPc3krYkCrKjE2oaEPwFl9eJs1qxbusXNyfl2s3eRwFOIYTOAMPrqAGd1CHBjAYwTO8wpuTOC/Ou/Mxb11x8pkj+APn8wdFQI7j</latexit>

2100



33

Suppose you toss a coin 100 times, and you 
count the number of heads obtained, what is 
the probability to get 60 heads?

<latexit sha1_base64="t9Q9LUJ92lHbT6VGs0D+6hoLvdY="></latexit>

P (A) =
# of outcomes in A

# of total possibilities
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Suppose you toss a coin 100 times, and you 
count the number of heads obtained, what is 
the probability to get 60 heads?

<latexit sha1_base64="t9Q9LUJ92lHbT6VGs0D+6hoLvdY="></latexit>

P (A) =
# of outcomes in A

# of total possibilities

<latexit sha1_base64="sYtSqeSH+zswL/SSu14mBJIxpPA=">AAACEnicbVA9SwNBEN3zM8avqKXNYhS0CXei0UYM2lhGMCaQhLC3mUuW7N0eu3NqOPIbbPwrNhaK2FrZ+W/cfBR+PRh4vDfDzDw/lsKg6346U9Mzs3PzmYXs4tLyympubf3aqERzqHAlla75zIAUEVRQoIRarIGFvoSq3zsf+tUb0Eao6Ar7MTRD1olEIDhDK7Vyew2EO0y3G/ltqgKqEuQqBENvBXZp0aVdYG1DT+jpoJXLuwV3BPqXeBOSJxOUW7mPRlvxJIQIuWTG1D03xmbKNAouYZBtJAZixnusA3VLI2b3NtPRSwO6Y5U2DZS2FSEdqd8nUhYa0w992xky7Jrf3lD8z6snGBw3UxHFCULEx4uCRFJUdJgPbQsNHGXfEsa1sLdS3mWacbQpZm0I3u+X/5Lr/YJXLBxeHuRLZ5M4MmSTbJFd4pEjUiIXpEwqhJN78kieyYvz4Dw5r87buHXKmcxskB9w3r8ARnmb9g==</latexit>

# of outcomes with 60 heads = ?
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Suppose you toss a coin 100 times, and you 
count the number of heads obtained, what is 
the probability to get 60 heads?

<latexit sha1_base64="t9Q9LUJ92lHbT6VGs0D+6hoLvdY="></latexit>

P (A) =
# of outcomes in A

# of total possibilities

<latexit sha1_base64="PFtvvD+wTDtFwwuZfoPAo2qTy9s="></latexit>

# of outcomes with 60 heads =

✓
100

60

◆
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Suppose you toss a coin 100 times, and you 
count the number of heads obtained, what is 
the probability to get 60 heads?

<latexit sha1_base64="t9Q9LUJ92lHbT6VGs0D+6hoLvdY="></latexit>

P (A) =
# of outcomes in A

# of total possibilities

<latexit sha1_base64="PFtvvD+wTDtFwwuZfoPAo2qTy9s="></latexit>

# of outcomes with 60 heads =

✓
100

60

◆
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        Here, the symbol         is defined by: 

                

                      = the number of ways of choosing exactly   
                         elements from a collection of  elements 

<latexit sha1_base64="22ayNhSfxXcShAAyfExNzJXubLY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1XOM+A==</latexit>

k
<latexit sha1_base64="kuvqsFNbjEvULVMnkk4XIG+iKgw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2f+M+w==</latexit>n

<latexit sha1_base64="y5nbAZMq53VIsom6LIrpgPpj7BE=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOyS5idzCZD5rHMzAphyW948aCIV3/Gm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+m/mdJ6oNU/LRTlIaCTyULGEEWyeFYcykErmc5uNpv1rz6/4caJUEBalBgWa/+hUOFMkElZZwbEwv8FMb5VhbRjidVsLM0BSTMR7SnqMSC2qifH7zFJ05ZYASpV1Ji+bq74kcC2MmInadAtuRWfZm4n9eL7PJTZQzmWaWSrJYlGQcWYVmAaAB05RYPnEEE83crYiMsMbEupgqLoRg+eVV0r6oB1f1y4fLWuO2iKMMJ3AK5xDANTTgHprQAgIpPMMrvHmZ9+K9ex+L1pJXzBzDH3ifP9FnkjU=</latexit>✓
n

k

◆

<latexit sha1_base64="y5nbAZMq53VIsom6LIrpgPpj7BE=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOyS5idzCZD5rHMzAphyW948aCIV3/Gm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+m/mdJ6oNU/LRTlIaCTyULGEEWyeFYcykErmc5uNpv1rz6/4caJUEBalBgWa/+hUOFMkElZZwbEwv8FMb5VhbRjidVsLM0BSTMR7SnqMSC2qifH7zFJ05ZYASpV1Ji+bq74kcC2MmInadAtuRWfZm4n9eL7PJTZQzmWaWSrJYlGQcWYVmAaAB05RYPnEEE83crYiMsMbEupgqLoRg+eVV0r6oB1f1y4fLWuO2iKMMJ3AK5xDANTTgHprQAgIpPMMrvHmZ9+K9ex+L1pJXzBzDH3ifP9FnkjU=</latexit>✓
n

k

◆



        Here, the symbol         is defined by: 

                

                      = the number of ways of choosing exactly   
                         elements from a collection of  elements 

<latexit sha1_base64="22ayNhSfxXcShAAyfExNzJXubLY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1XOM+A==</latexit>

k
<latexit sha1_base64="kuvqsFNbjEvULVMnkk4XIG+iKgw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2f+M+w==</latexit>n
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How do we compute it? Choose ‘y’ from exactly k factors:

<latexit sha1_base64="y5nbAZMq53VIsom6LIrpgPpj7BE=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOyS5idzCZD5rHMzAphyW948aCIV3/Gm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+m/mdJ6oNU/LRTlIaCTyULGEEWyeFYcykErmc5uNpv1rz6/4caJUEBalBgWa/+hUOFMkElZZwbEwv8FMb5VhbRjidVsLM0BSTMR7SnqMSC2qifH7zFJ05ZYASpV1Ji+bq74kcC2MmInadAtuRWfZm4n9eL7PJTZQzmWaWSrJYlGQcWYVmAaAB05RYPnEEE83crYiMsMbEupgqLoRg+eVV0r6oB1f1y4fLWuO2iKMMJ3AK5xDANTTgHprQAgIpPMMrvHmZ9+K9ex+L1pJXzBzDH3ifP9FnkjU=</latexit>✓
n

k

◆

<latexit sha1_base64="y5nbAZMq53VIsom6LIrpgPpj7BE=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOyS5idzCZD5rHMzAphyW948aCIV3/Gm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+m/mdJ6oNU/LRTlIaCTyULGEEWyeFYcykErmc5uNpv1rz6/4caJUEBalBgWa/+hUOFMkElZZwbEwv8FMb5VhbRjidVsLM0BSTMR7SnqMSC2qifH7zFJ05ZYASpV1Ji+bq74kcC2MmInadAtuRWfZm4n9eL7PJTZQzmWaWSrJYlGQcWYVmAaAB05RYPnEEE83crYiMsMbEupgqLoRg+eVV0r6oB1f1y4fLWuO2iKMMJ3AK5xDANTTgHprQAgIpPMMrvHmZ9+K9ex+L1pJXzBzDH3ifP9FnkjU=</latexit>✓
n

k

◆

<latexit sha1_base64="RIjJwDQXAyyXfZncX1Gf67oBgyQ="></latexit>

(x+ y)n = (x+ y)(x+ y) · · · (x+ y)

= xn + nyxn�1 + · · ·+
✓
n

k

◆
ykxn�k

+ · · ·+ nyn�1x+ yn
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Pascal’s triangle

<latexit sha1_base64="y5nbAZMq53VIsom6LIrpgPpj7BE=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOyS5idzCZD5rHMzAphyW948aCIV3/Gm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+m/mdJ6oNU/LRTlIaCTyULGEEWyeFYcykErmc5uNpv1rz6/4caJUEBalBgWa/+hUOFMkElZZwbEwv8FMb5VhbRjidVsLM0BSTMR7SnqMSC2qifH7zFJ05ZYASpV1Ji+bq74kcC2MmInadAtuRWfZm4n9eL7PJTZQzmWaWSrJYlGQcWYVmAaAB05RYPnEEE83crYiMsMbEupgqLoRg+eVV0r6oB1f1y4fLWuO2iKMMJ3AK5xDANTTgHprQAgIpPMMrvHmZ9+K9ex+L1pJXzBzDH3ifP9FnkjU=</latexit>✓
n

k

◆
(Rows and columns starting from zero)
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Pascal’s triangle

<latexit sha1_base64="2d2LiUu5UKSNOix9aIn+h/YmDwM=">AAAB+XicbVBNSwMxEJ2tX7V+rXr0EiyCp7KrRb0IRS8eK9gPaJeSTbNtaDZZkmyhLP0nXjwo4tV/4s1/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//wD08amqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fo/uZ3xpTpZkUT2aS0CDGA8EiRrCxUs91uyETMs4up5k/RbfosueWvYo3B1olfk7KkKPec7+6fUnSmApDONa643uJCTKsDCOcTkvdVNMEkxEe0I6lAsdUB9n88ik6s0ofRVLZEgbN1d8TGY61nsSh7YyxGeplbyb+53VSE90EGRNJaqggi0VRypGRaBYD6jNFieETSzBRzN6KyBArTIwNq2RD8JdfXiXNi4p/Vak+Vsu1uzyOIpzAKZyDD9dQgweoQwMIjOEZXuHNyZwX5935WLQWnHzmGP7A+fwBSaGSyQ==</latexit>✓
3

1

◆
= 3

<latexit sha1_base64="y5nbAZMq53VIsom6LIrpgPpj7BE=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOyS5idzCZD5rHMzAphyW948aCIV3/Gm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+m/mdJ6oNU/LRTlIaCTyULGEEWyeFYcykErmc5uNpv1rz6/4caJUEBalBgWa/+hUOFMkElZZwbEwv8FMb5VhbRjidVsLM0BSTMR7SnqMSC2qifH7zFJ05ZYASpV1Ji+bq74kcC2MmInadAtuRWfZm4n9eL7PJTZQzmWaWSrJYlGQcWYVmAaAB05RYPnEEE83crYiMsMbEupgqLoRg+eVV0r6oB1f1y4fLWuO2iKMMJ3AK5xDANTTgHprQAgIpPMMrvHmZ9+K9ex+L1pJXzBzDH3ifP9FnkjU=</latexit>✓
n

k

◆
(Rows and columns starting from zero)
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<latexit sha1_base64="XWo9cgXWOLHEnkrYN9vvXbbhdlE=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUlKUZdFNy4r2Ac0sUwmk3boZCbMTIQSsnTjr7hxoYhbP8Gdf+O0zUJbD1w4nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w86SqQSkzYWTMhegBRhlJO2ppqRXiIJigNGusH4eup3H4hUVPA7PUmIH6MhpxHFSBtpYB97AeUizniejXMPh0JDL5IIZ26e1e95PrCrTs2ZAS4TtyBVUKA1sL+8UOA0JlxjhpTqu06i/QxJTTEjecVLFUkQHqMh6RvKUUyUn80eyeGpUUIYCWmKazhTf09kKFZqEgemM0Z6pBa9qfif1091dOlnlCepJhzPF0Upg1rAaSowpJJgzSaGICypuRXiETI5aJNdxYTgLr68TDr1mntea9w2qs2rIo4yOAIn4Ay44AI0wQ1ogTbA4BE8g1fwZj1ZL9a79TFvLVnFzCH4A+vzB6eemmE=</latexit>✓
n

k

◆
· 1

2n

The probability of getting  heads in  flips is therefore
<latexit sha1_base64="d/RhcRSMbEv4ivpbAndL8To6sfA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVR71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH1cWM+Q==</latexit>

k <latexit sha1_base64="zrAoX5WZl/tVsNb6yPWAMQONjzc=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVZa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB2lGM/A==</latexit>n

Let’s plot this for different  to understand it better! <latexit sha1_base64="zrAoX5WZl/tVsNb6yPWAMQONjzc=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVZa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB2lGM/A==</latexit>n
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n=1 n=2

n=4n=3

<latexit sha1_base64="22ayNhSfxXcShAAyfExNzJXubLY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1XOM+A==</latexit>

k
<latexit sha1_base64="22ayNhSfxXcShAAyfExNzJXubLY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1XOM+A==</latexit>

k

<latexit sha1_base64="22ayNhSfxXcShAAyfExNzJXubLY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1XOM+A==</latexit>

k
<latexit sha1_base64="22ayNhSfxXcShAAyfExNzJXubLY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1XOM+A==</latexit>

k
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n=10 n=20

<latexit sha1_base64="22ayNhSfxXcShAAyfExNzJXubLY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1XOM+A==</latexit>

k
<latexit sha1_base64="22ayNhSfxXcShAAyfExNzJXubLY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1XOM+A==</latexit>

k
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n=100

Normal distribution

a.k.a. Gaussian distribution or Bell curve

: mean<latexit sha1_base64="v73/7iDx2oytdIpUlff0XR7xX/Y=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjRLJAMoafTkzTpZejuEcKQT/DiQRGvfpE3/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHy044SGAg8kixnB1kkPXZH2yhW/6s+AlkmQkwrkqPfKX92+Iqmg0hKOjekEfmLDDGvLCKeTUjc1NMFkhAe046jEgpowm506QSdO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18HWZMJqmlkswXxSlHVqHp36jPNCWWjx3BRDN3KyJDrDGxLp2SCyFYfHmZNM+qwWX14v68UrvJ4yjCERzDKQRwBTW4gzo0gMAAnuEV3jzuvXjv3se8teDlM4fwB97nD2CejeA=</latexit>µ
<latexit sha1_base64="ySSPbiSfO6xTloTer7GyNK4O508=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knNrmEDgXvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPn5+PLQ==</latexit>� : standard deviation

<latexit sha1_base64="22ayNhSfxXcShAAyfExNzJXubLY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1XOM+A==</latexit>

k
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n=100

Normal distribution

a.k.a. Gaussian distribution or Bell curve

For the coin flips:

<latexit sha1_base64="22ayNhSfxXcShAAyfExNzJXubLY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1XOM+A==</latexit>
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3-sigma rule
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If the distribution of the data points
is close to normal, 
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<latexit sha1_base64="4xjq8xMjG3ctDnh2IE4qR2acXU4=">AAACEXicbVDLSsNAFJ34rPEVdelmsChdhaTUqruiG5cV7AOaUCbTSTt0JgkzE7GE/oIbf8WNC0XcunPn3zhtA2rrgQuHc+7l3nuChFGpHOfLWFpeWV1bL2yYm1vbO7vW3n5TxqnApIFjFot2gCRhNCINRRUj7UQQxANGWsHwauK37oiQNI5u1SghPkf9iIYUI6WlrlXyeApPPJQkIr6H1Yp9AT3P9CTtc/Sjl+1q1yo6tjMFXCRuToogR71rfXq9GKecRAozJGXHdRLlZ0goihkZm14qSYLwEPVJR9MIcSL9bPrRGB5rpQfDWOiKFJyqvycyxKUc8UB3cqQGct6biP95nVSF535GoyRVJMKzRWHKoIrhJB7Yo4JgxUaaICyovhXiARIIKx2iqUNw519eJM2y7Vbt05tKsXaZx1EAh+AIlIALzkANXIM6aAAMHsATeAGvxqPxbLwZ77PWJSOfOQB/YHx8A4TCmvE=</latexit>

µ ⇡ 64.9

� ⇡ 2.6
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Central limit theorem

When independent random variables are added, 
their properly  normalized  sum tends toward 
a normal distribution even if the original variables 
themselves are not normally distributed.

“Sums (or means) are normally distributed”

https://en.wikipedia.org/wiki/Statistical_independence
https://en.wikipedia.org/wiki/Normalization_(statistics)
https://en.wikipedia.org/wiki/Normal_distribution
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Central limit theorem

… but how are sums related to weights of the 
penguins and the SAT scores, heights and the 
Galton board?

“Sums (or means) are normally distributed”
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… but how are sums related to weights of the 
penguins and the SAT scores, heights and the 
Galton board?
The position of a ball in the Galton board is a 
sum (to keep track of the final position, add 1 
for every peg it bounces to the right, subtract 
1 if it bounces to the left)

+1-1
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… but how are sums related to weights of the 
penguins and the SAT scores, heights and the 
Galton board?
The position of the marble in the Galton board 
is a sum (to keep track of the final position, 
add 1 for every peg it bounces to the right, 
subtract 1 if it bounces to the left)

The weight of the penguins is a sum (add say 100 
calories when catching a fish, 0 when failing to catch) 

The average SAT score of a high school is the mean of 
the scores of the students in the school
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Consider the uniform distribution

In each trial of an experiment, we randomly 
draw 50 samples from the distribution and 
calculate their mean. We then plot the 
histogram of the means obtained from M trials.
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M=10 M=100

M=1000 M=10000
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We repeat the same experiment: In each trial, 
we randomly draw 50 samples from the 
distribution and calculate their mean. We then 
plot the histogram of the means obtained from 
M trials.

Consider another distribution
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M=10 M=100

M=10000M=1000
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