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By the end of this lecture, you will be able to: 

1. Give examples of statistical inference 
2. Interpret and compute confidence 

intervals 
3. Give examples of statistical bias



Statistical inference and 
confidence intervals

3



4

Statistical inference is the process of using 
data drawn from parts of the population to infer 
properties of the whole population.

Example 1: Using polls to predict election 
results

Statistics: the collection, analysis and interpretation 
of data
Population: the set of items or events of interest
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Statistical inference is the process of using 
data drawn from parts of the population to infer 
properties of the whole population.

Example 1: Using polls to predict election 
results

Example 2: test the efficacy of drugs or 
vaccines in clinical trials

Example 3: test autonomous driving systems 
with data collected from different road conditions 

Statistics: the collection, analysis and interpretation 
of data
Population: the set of items or events of interest



Statistics
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• Estimation/Prediction 

    “Best guess” of targets of interest  

• Inference/Testing 

    “Range with a high probability”



• Funds/Resources Constraint 

• Sensitive Information 

• Impossible/Missing
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Example: estimate the value of     by uniformly 
throwing darts on a square containing an 
inscribed circle.
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Point estimate: a single value calculated from 
the sample data as the “best guess” of the 
unknown parameter.

<latexit sha1_base64="SoIi+tikGdI+W5/sBdimPmJGRH4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVVa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB4GGNAA==</latexit>r
<latexit sha1_base64="ElFwZwcJpQMP+f17IEdaM6tQ8Tg=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGKeUCyhNnJbDJkdnaZ6RXCkj/w4kERr/6RN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecZxwP6IDJULBKFrpoap7pbJbcWcgy8TLSRly1Hulr24/ZmnEFTJJjel4boJ+RjUKJvmk2E0NTygb0QHvWKpoxI2fzS6dkFOr9EkYa1sKyUz9PZHRyJhxFNjOiOLQLHpT8T+vk2J47WdCJSlyxeaLwlQSjMn0bdIXmjOUY0so08LeStiQasrQhlO0IXiLLy+TZrXiXVYu7s/LtZs8jgIcwwmcgQdXUIM7qEMDGITwDK/w5oycF+fd+Zi3rjj5zBH8gfP5A1FOjTw=</latexit>

2r
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m: # of samples in the circle 
n: # of total samples

m = 798, n = 1000
<latexit sha1_base64="gIHdKAZL7ylbtfiUZfnYKDz0WqY=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEFCWlvAakChbGItGH1FSV4zitVduJbAdURf0CFn6FhQGEWJnZ+BvcxwAtR7rS8Tn3yveeIGFUadf9tnJLyyura/n1wsbm1vaOvbvXUHEqManjmMWyFSBFGBWkrqlmpJVIgnjASDMYXI/95j2RisbiTg8T0uGoJ2hEMdJG6tol/4GGpI905id0BC9hBfqRRDjjo0yM38eOd1Hu2kXXcSeAi8SbkSKYoda1v/wwxiknQmOGlGp7bqI7GZKaYkZGBT9VJEF4gHqkbahAnKhONjlnBEtGCWEUS1NCw4n6eyJDXKkhD0wnR7qv5r2x+J/XTnV03smoSFJNBJ5+FKUM6hiOs4EhlQRrNjQEYUnNrhD3kUlDmwQLJgRv/uRF0ig73qlzclspVq9mceTBATgER8ADZ6AKbkAN1AEGj+AZvII368l6sd6tj2lrzprN7IM/sD5/AMb3mqQ=</latexit>

b⇡ = 4
m

n
= 3.192

But how well can we trust the results from 
experiments with measurement errors? 

Correct value of  is <latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡
<latexit sha1_base64="86P0mtKbp8Yg6MoRJ5X3bZ09h3Y=">AAAB+3icbVDLTsJAFJ3iC/FVcelmIjFx1bRAUXdENy4xkUcCDZlOpzBhOm1mpkbS8CtuXGiMW3/EnX/jAF0oeJKbnJxzb+69x08Ylcq2v43CxubW9k5xt7S3f3B4ZB6XOzJOBSZtHLNY9HwkCaOctBVVjPQSQVDkM9L1J7dzv/tIhKQxf1DThHgRGnEaUoyUloZmuWY5dce9rjbcmjtgQazk0KzYlr0AXCdOTiogR2tofg2CGKcR4QozJGXfsRPlZUgoihmZlQapJAnCEzQifU05ioj0ssXtM3iulQCGsdDFFVyovycyFEk5jXzdGSE1lqveXPzP66cqvPIyypNUEY6Xi8KUQRXDeRAwoIJgxaaaICyovhXiMRIIKx1XSYfgrL68TjpVy2lY7n290rzJ4yiCU3AGLoADLkET3IEWaAMMnsAzeAVvxsx4Md6Nj2VrwchnTsAfGJ8/t6qSVQ==</latexit>

3.1415926535 . . .

<latexit sha1_base64="Y4RcRgXJhqpR5G61jUh9KhbUIjY="></latexit>

⇡ = 4Scircle/Ssquare ⇡ 4
m

n
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2<latexit sha1_base64="ySSPbiSfO6xTloTer7GyNK4O508=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knNrmEDgXvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPn5+PLQ==</latexit>� 2<latexit sha1_base64="ySSPbiSfO6xTloTer7GyNK4O508=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knNrmEDgXvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPn5+PLQ==</latexit>�

In 95% of cases, the red value is 
contained within 2  of the true value<latexit sha1_base64="ySSPbiSfO6xTloTer7GyNK4O508=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knNrmEDgXvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPn5+PLQ==</latexit>�



13

3 3.1 3.2 3.3
0

500

1000

1500

2000

2500

3000

Fr
eq
ue
nc
y

2<latexit sha1_base64="ySSPbiSfO6xTloTer7GyNK4O508=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knNrmEDgXvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPn5+PLQ==</latexit>� 2<latexit sha1_base64="ySSPbiSfO6xTloTer7GyNK4O508=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knNrmEDgXvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPn5+PLQ==</latexit>�
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2<latexit sha1_base64="ySSPbiSfO6xTloTer7GyNK4O508=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knNrmEDgXvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPn5+PLQ==</latexit>� 2<latexit sha1_base64="ySSPbiSfO6xTloTer7GyNK4O508=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knNrmEDgXvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPn5+PLQ==</latexit>�

In 95% of cases, the true 
value is contained within 2  
of the red value

<latexit sha1_base64="ySSPbiSfO6xTloTer7GyNK4O508=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knNrmEDgXvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPn5+PLQ==</latexit>�
In 95% of cases, the red value is 
contained within 2  of the true value<latexit sha1_base64="ySSPbiSfO6xTloTer7GyNK4O508=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knNrmEDgXvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPn5+PLQ==</latexit>�
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Confidence interval: a range of plausible 
values for an unknown  parameter, which is 
defined as  

 : point estimate 
: error bound for the population mean. In 

other words, the margin of error, which depends 
on the value of confidence level (CL)

<latexit sha1_base64="XmUNb49y2esKu523YRDAhfAWc0o=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gGdoWTSTBuaSYYkI5ahv+HGhSJu/Rl3/o2ZdhbaeiBwOOce7s0JE860cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpuiDXlTNCWYYbTbqIojkNOO+H4Nvc7j1RpJsWDmSQ0iPFQsIgRbKzk+9KaeTZ7mvarNbfuzoCWiVeQGhRo9qtf/kCSNKbCEI617nluYoIMK8MIp9OKn2qaYDLGQ9qzVOCY6iCb3TxFJ1YZoEgq+4RBM/V3IsOx1pM4tJMxNiO96OXif14vNdF1kDGRpIYKMl8UpRwZifIC0IApSgyfWIKJYvZWREZYYWJsTRVbgrf45WXSPqt7l/WL+/Na46aoowxHcAyn4MEVNOAOmtACAgk8wyu8Oanz4rw7H/PRklNkDuEPnM8fwrqSLA==</latexit>

x
<latexit sha1_base64="Lyvibg9YmCwwYFXHfWqqpShnpbM=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSTi17FUBC9CBfuBbSib7aRdutmE3YlYQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZ58eCa3Scbyu3tLyyupZfL2xsbm3vFHf3GjpKFIM6i0SkWj7VILiEOnIU0IoV0NAX0PSHVxO/+QhK80je4ygGL6R9yQPOKBrpoYPwhOl19XbcLZacsjOFvUjcjJRIhlq3+NXpRSwJQSITVOu268TopVQhZwLGhU6iIaZsSPvQNlTSELSXTi8e20dG6dlBpExJtKfq74mUhlqPQt90hhQHet6biP957QSDSy/lMk4QJJstChJhY2RP3rd7XAFDMTKEMsXNrTYbUEUZmpAKJgR3/uVF0jgpu+fls7vTUqWaxZEnB+SQHBOXXJAKuSE1UieMSPJMXsmbpa0X6936mLXmrGxmn/yB9fkDhcGQ1Q==</latexit>

EBM

https://en.wikipedia.org/wiki/Statistical_parameter
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Example 1: In a poll published by the National 
Sleep Foundation, 1,508 randomly selected 
Americans were surveyed about their sleep. 
About 60% of them reported that they had some 
sleep problems. The margin of error is 2.5% at 
the 95% confidence level.

How do we interpret the results?
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95% Confidence interval  
= (60% - 2.5%, 60% + 2.5%)  
= (57.5%, 62.5%)

We are 95% confident that  between 57.5% and 
62.5% of all Americans experience some sleep 
problems.

If we repeat the same survey many times, the 
fraction of the calculated confidence intervals 
(different in each time) that encompass the true 
proportion is close to 95%
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That is, if the 
true proportion 
lies outside the 
95% confidence 
interval, then a 
sampling event 
has occurred 
which has a 
probability of 5% 
of happening by 
chance.



How do we compute 
confidence intervals?

18
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Let                              be independent random 
samples drawn from a distribution of mean     
and standard deviation .  

    
     

<latexit sha1_base64="v73/7iDx2oytdIpUlff0XR7xX/Y=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjRLJAMoafTkzTpZejuEcKQT/DiQRGvfpE3/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHy044SGAg8kixnB1kkPXZH2yhW/6s+AlkmQkwrkqPfKX92+Iqmg0hKOjekEfmLDDGvLCKeTUjc1NMFkhAe046jEgpowm506QSdO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18HWZMJqmlkswXxSlHVqHp36jPNCWWjx3BRDN3KyJDrDGxLp2SCyFYfHmZNM+qwWX14v68UrvJ4yjCERzDKQRwBTW4gzo0gMAAnuEV3jzuvXjv3se8teDlM4fwB97nD2CejeA=</latexit>µ
<latexit sha1_base64="ySSPbiSfO6xTloTer7GyNK4O508=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knNrmEDgXvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPn5+PLQ==</latexit>�
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Central limit theorem with more details

<latexit sha1_base64="ySSPbiSfO6xTloTer7GyNK4O508=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knNrmEDgXvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPn5+PLQ==</latexit>�

<latexit sha1_base64="ySSPbiSfO6xTloTer7GyNK4O508=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knNrmEDgXvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPn5+PLQ==</latexit>�
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Recap of central limit theorem

Let                              be independent random 
samples drawn from a distribution of mean    
and standard deviation . For large enough     (> 
30), the distribution of the sample mean 

     
     
    is close to a normal distribution with mean 
    and standard deviation            .

<latexit sha1_base64="ySSPbiSfO6xTloTer7GyNK4O508=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knNrmEDgXvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPn5+PLQ==</latexit>�

<latexit sha1_base64="Q4u4GG7r8+ixV2ciP5l7HSKXkKo=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4qknxtSy6cVnBPqCJZTKdtEMnkzgzEUqov+LGhSJu/RB3/o3TNgttPXDhcM693HtPkHCmtON8W0vLK6tr64WN4ubW9s6uvbffVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJ74rUcqFYvFnR4l1I9wX7CQEayN1LVLnnqQOvMU60f4vopOBBp37bJTcaZAi8TNSRly1Lv2l9eLSRpRoQnHSnVcJ9F+hqVmhNNx0UsVTTAZ4j7tGCpwRJWfTY8foyOj9FAYS1NCo6n6eyLDkVKjKDCdEdYDNe9NxP+8TqrDSz9jIkk1FWS2KEw50jGaJIF6TFKi+cgQTCQztyIywBITbfIqmhDc+ZcXSbNacc8rZ7en5dpVHkcBDuAQjsGFC6jBDdShAQRG8Ayv8GY9WS/Wu/Uxa12y8pkS/IH1+QMaZpRr</latexit>p
�2/n

For smaller sample sizes, another distribution 
called the t-distribution must be used instead 
of the normal distribution



21

Example 2: In an orchard, there are hundreds of 
apples on the trees, and we want to measure the 
mean weight of the apples. You randomly choose 
just 46 apples and get the mean and the standard 
deviation of the weights as   
What is the 95% confidence interval?

The standard deviation of the distribution 
of means 

For 95% confidence level, the margin 
of error = 

The 95% confidence interval = (84.2, 87.8)

3-sigma rule
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m: # of samples in the circle 
n: # of samples dropped

m = 798, n = 1000

Then, how do we calculate the confidence 
interval for our estimate of     ?
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Binomial proportion confidence interval is an 
interval estimate of a success probability    when 
only the number of experiments    and the number 
of successes      are known

Let                   be the estimate for 

If the sample size is not too small, the distribution 
of     is close to normal, with mean value     and 
standard deviation

We can approximate this by 
with the hope that      is not close to 0 or 1 and 
is not too far from 
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Binomial proportion confidence interval is an 
interval estimate of a success probability    when 
only the number of experiments    and the number 
of successes      are known

Let                   be the estimate for 

If the sample size is not too small, the distribution 
of     is close to normal, with mean value     and 
standard deviation

We can approximate this by 
with the hope that      is not close to 0 or 1 and 
is not too far from 
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<latexit sha1_base64="9jqa43FL7L9V9mFvDiNMPJKvBJA=">AAAB73icbVDLSgMxFL3xWeur6tJNsAiuyoz42ghFNy4r2Ae0Q8mkmTY0yYxJRihDf8KNC0Xc+jvu/BvTdhbaeuDC4Zx7ufeeMBHcWM/7RkvLK6tr64WN4ubW9s5uaW+/YeJUU1ansYh1KySGCa5Y3XIrWCvRjMhQsGY4vJ34zSemDY/Vgx0lLJCkr3jEKbFOanUM70uCr7ulslfxpsCLxM9JGXLUuqWvTi+mqWTKUkGMafteYoOMaMupYONiJzUsIXRI+qztqCKSmSCb3jvGx07p4SjWrpTFU/X3REakMSMZuk5J7MDMexPxP6+d2ugqyLhKUssUnS2KUoFtjCfP4x7XjFoxcoRQzd2tmA6IJtS6iIouBH/+5UXSOK34F5Xz+7Ny9SaPowCHcAQn4MMlVOEOalAHCgKe4RXe0CN6Qe/oY9a6hPKZA/gD9PkDe3qPng==</latexit>� = <latexit sha1_base64="z6Zsi/AyB0oLjWeIwpHMm2cbZ+Y=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gHtUDJppg3NJCHJiGXoR7hxoYhbv8edf2PazkJbD1w4nHMv994TKc6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqaa0AaRXOp2hA3lTNCGZZbTttIUJxGnrWh0O/Vbj1QbJsWDHSsaJnggWMwItk5qdbFSWj71yhW/6s+AlkmQkwrkqPfKX92+JGlChSUcG9MJfGXDDGvLCKeTUjc1VGEywgPacVTghJowm507QSdO6aNYalfCopn6eyLDiTHjJHKdCbZDs+hNxf+8Tmrj6zBjQqWWCjJfFKccWYmmv6M+05RYPnYEE83crYgMscbEuoRKLoRg8eVl0jyrBpfVi/vzSu0mj6MIR3AMpxDAFdTgDurQAAIjeIZXePOU9+K9ex/z1oKXzxzCH3ifP5aij8A=</latexit>⇡
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Example 3: Estimation for the value of 

1. Compute the point estimate

 = 798,  = 1000<latexit sha1_base64="X5lxFar8DzLkQRp2O8nkiTl/QKA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSg+qZXrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7NTJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvuZUEmKXLH5ojCVBGMy/Zv0heYM5dgSyrSwtxI2pJoytOmUbAje4svLpHlW9S6rF/fnldpNHkcRjuAYTsGDK6jBHdShAQwG8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwBjvI3i</latexit>ns
<latexit sha1_base64="zrAoX5WZl/tVsNb6yPWAMQONjzc=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVZa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB2lGM/A==</latexit>n
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Example 3: Estimation for the value of 

2. Compute the standard deviation 

1. Compute the point estimate

 = 798,  = 1000<latexit sha1_base64="X5lxFar8DzLkQRp2O8nkiTl/QKA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSg+qZXrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7NTJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvuZUEmKXLH5ojCVBGMy/Zv0heYM5dgSyrSwtxI2pJoytOmUbAje4svLpHlW9S6rF/fnldpNHkcRjuAYTsGDK6jBHdShAQwG8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwBjvI3i</latexit>ns
<latexit sha1_base64="zrAoX5WZl/tVsNb6yPWAMQONjzc=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVZa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB2lGM/A==</latexit>n
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Example 3: Estimation for the value of 

2. Compute the standard deviation 

3.The 95% confidence interval for the success probability is

1. Compute the point estimate

 = 798,  = 1000<latexit sha1_base64="X5lxFar8DzLkQRp2O8nkiTl/QKA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSg+qZXrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7NTJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvuZUEmKXLH5ojCVBGMy/Zv0heYM5dgSyrSwtxI2pJoytOmUbAje4svLpHlW9S6rF/fnldpNHkcRjuAYTsGDK6jBHdShAQwG8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwBjvI3i</latexit>ns
<latexit sha1_base64="zrAoX5WZl/tVsNb6yPWAMQONjzc=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVZa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB2lGM/A==</latexit>n
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Example 3: Estimation for the value of 

Since            , the 95% confidence interval for     is 
(3.088, 3.296) (the conf. interval for p mult. by 4)

2. Compute the standard deviation 

3.The 95% confidence interval for the success probability is

1. Compute the point estimate

<latexit sha1_base64="LRBh35ljYdcTTZOuPnLj4r5v0xw=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIfWyEohuXFexD2qFk0rQNTTIhyQhl6Fe4caGIWz/HnX9j2s5CWw9cOJxzL/feEynOjPX9by+3srq2vpHfLGxt7+zuFfcPGiZONKF1EvNYtyJsKGeS1i2znLaUplhEnDaj0e3Ubz5RbVgsH+xY0VDggWR9RrB10mNHMXSNKkh1iyW/7M+AlkmQkRJkqHWLX51eTBJBpSUcG9MOfGXDFGvLCKeTQicxVGEywgPadlRiQU2Yzg6eoBOn9FA/1q6kRTP190SKhTFjEblOge3QLHpT8T+vndj+VZgyqRJLJZkv6icc2RhNv0c9pimxfOwIJpq5WxEZYo2JdRkVXAjB4svLpHFWDi7K5/eVUvUmiyMPR3AMpxDAJVThDmpQBwICnuEV3jztvXjv3se8NedlM4fwB97nDyD2j1Q=</latexit>

⇡ = 4p

 = 798,  = 1000<latexit sha1_base64="X5lxFar8DzLkQRp2O8nkiTl/QKA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSg+qZXrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7NTJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvuZUEmKXLH5ojCVBGMy/Zv0heYM5dgSyrSwtxI2pJoytOmUbAje4svLpHlW9S6rF/fnldpNHkcRjuAYTsGDK6jBHdShAQwG8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwBjvI3i</latexit>ns
<latexit sha1_base64="zrAoX5WZl/tVsNb6yPWAMQONjzc=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVZa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB2lGM/A==</latexit>n
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Common sampling bias 

When a sample does not have the same 
characteristics as the population, we say this is a 
biased sample.
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Common sampling bias 

When a sample does not have the same 
characteristics as the population, we say this is a 
biased sample.

Example: poll by the magazine “The Literary 
Digest” for the 1936 presidential election. 
Prediction: Alf Landon beats Franklin D 
Roosevelt by 57% to 43%. 
Result: Roosevelt beats Landon by 62% to 
38% 
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What went wrong in the 1936 poll?

Prediction: Alf Landon beats Franklin D Roosevelt 
by 57% to 43%. 
Result: Roosevelt beats Landon by 62% to 38% 

Questionnaires were sent out using lists of phone 
numbers, drivers' registrations, and country club 
memberships. 24% of those polled responded. 

What went wrong?
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What went wrong in the 1936 poll?

Questionnaires were sent out using lists of phone 
numbers, drivers' registrations, and country club 
memberships. 24% of those polled responded. 

- The people polled were wealthy and the election 
was at the height of the Great Depression 

- A large fraction of polled did not respond. 
Typically, those with strong feelings respond 

- … 
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What went wrong in the 1936 poll?

Questionnaires were sent out using lists of phone 
numbers, drivers' registrations, and country club 
memberships. 24% of those polled responded. 

- The people polled were wealthy and the election 
was at the height of the Great Depression 

- A large fraction of polled did not respond. 
Typically, those with strong feelings respond 

- … 
Note that the poll was enormous (10 million 
questionnaires!), but bias still made the result 
useless!
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Common sampling bias 

When a sample does not have the same 
characteristics as the population, we say this is a 
biased sample.

We will talk about four kinds of bias: 
1. Survival bias 
2. Self-selection bias 
3. Confirmation bias 
4. Undercoverage bias
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Common sampling bias 

When a sample does not have the same 
characteristics as the population, we say this is a 
biased sample.

Survival bias: only the portion of the population 
that has survived some process can be sampled

Example 1: In scientific journals, there is strong 
publication bias towards positive results. 
Successful research outcomes are published far 
more often than null findings.



Example 2: During World War II, 
the statistician  Abraham Wald 
examined the damage done to 
aircrafts that had returned from 
missions. The US mi l i tary 
previously concluded that 
the  most-hit  areas of the plane 
needed additional armor. 

https://en.wikipedia.org/wiki/Abraham_Wald


Example 2: During World War II, 
the statistician  Abraham Wald 
examined the damage done to 
aircrafts that had returned from 
missions. The US mi l i tary 
previously concluded that 
the  most-hit  areas of the plane 
needed additional armor. Wald 
instead recommended adding 
armor to the areas that showed 
the least damage. 

https://en.wikipedia.org/wiki/Abraham_Wald
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Self-selection bias: People with specific 
characteristics are more likely to agree to take 
part in a study than others. This often leads to 
a polarization of responses with extreme 
perspectives being given a disproportionate 
weight in the summary.

Example: people who have strong opinions or 
substantial knowledge may be more willing to 
spend time answering a survey than those 
who do not.



Confirmation bias: People display this bias when 
they select information that supports their views.

Example 1: In social media, personalized search 
displays to individuals only information they are 
likely to agree with, while excluding opposing 
views.

Example 2: The decision made by a doctor may 
be strongly influenced by the disorders described 
in a recently-read paper, without considering 
multiple possibilities based on evidence.



Undercoverage bias: Some members of a population 
are inadequately represented in the sample.

Example 1: Administering general national surveys 
online may miss groups with limited internet access, 
such as the elderly and lower-income households.

Example 2: Researchers want to know what citizens 
in a particular city think of a new traffic law so they 
give out a questionnaire to people that walk by at a 
local mall.


